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Z- Number: Definition 1

Zadeh (2011)
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Z- Number: Definition 2

Kahraman & Otay, 2018 Tiysliz & Kahraman, 2023
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Definition 3: Converting a Z-number to a regular fuzzy number
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1. Defuzzification
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2. Weigh the restriction function with the crisp value of the reliability function (o)
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3. Convert the irregular fuzzy number (weighted restriction) to a regular fuzzy number
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4 A Numerical Example

In this section, a numerical example 1s used to illustrate the procedure of our approach. Assume
an expert gives his opinion as follows:

A=1(07.08,09.1; 1)
and his reliability 1s i
R=(08,09,1;1)

The Expert’s knowledge can be expressed to Z-number as

7= (4 fz) = [(0.7,0.8,0.9,1; 1), (0.8,0.9,1; 1)]

At first, we should to convert expert’s reliability into erisp number according Eq. (5)

I
.
D
(@)
-
(qv}
N

" [ zpp(x)de

S pp(a)ds
Second, Add the weight of rehability to the constraint.

=09

Z%=(0.7,0.8,0.9,1; 0.9)
Third, Convert the weighted Z-number to regular fuzzy number according to the proposed ap-
proach.
zf

(V0.9 % 0.7,/0.9 x 0.8,1/0.9 x 0.9,1/0.0 x 1; 1)

— (0.9487 x 0.7,0.9487 x 0.8, 0.9487 x 0.9,0.9487 x 1; 1)
— (0.6641, 0.7589, 0.8538,0.9487; 1)
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Example 1 Let A= (0.1,020304) and B=
(0.5,0.7,0.9) . A (x) represents a trapezoidal membership
function, and B(x) represents a tnangular membership function.

According to the Definition 4 proposed the operational laws, we

obtain as follows:

(0,  xe(—e0,0.5)
(x —0.5)
ppCo) = 4 07~ 0.5y *€10-5.0-7]
(0.9 — x)
(0.9 — 0.7) » xe[0.7,0.9]
. 0, xe(0.9, +co)
P J xpg(x)dx
J pe(x)dx
' (x — 0.5) - (0.9 — x)
I xS a2 o
i (0.9 —0.5)/2 = 0.7

Eﬂ = {\Eﬂl; ‘lu'I'EEIE, \Gﬂ-g,ﬁﬂq,)
= {ﬁ.l'ﬂ.? = 0.1, v0.7 x 0.2, v0.7 x 0.3,v0.7
o [I.-ﬁ];-) = (0.084,0.167,0.251,0.335)
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Ordinary fuzzy number transformed from Z-number
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0404 038 0097 0119

Cc1 c2 Cc3 C4
AT 0.222222 0.205882 0.27907 0.194444
AT 0.111111 0.205882 0.139535 0.083333
AN 0.222222 0.147059 0.27907 0.138889
AR 0.222222 0.088235 0.139535 0.194444

BAZN 0.148148 0.147059 0.093023 0.194444
AN 0.074074 0.205882 0.069767 0.194444
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C1 c2 C3 C4
ARG 0.089778 0.078235 0.02707 0.023139
AT 0.044889 0.078235 0.013535 0.009917
A2 0.089778 0.055882 0.02707 0.016528
AN 0.089778 0.033529 0.013535 0.023139
BAZN 0.059852 0.055882 0.009023 0.023139
ARSI 0.029926 0.078235 0.006767 0.023139
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0.218222
0.146576
0.189258
0.159981
0.147896
0.138068

PRI 0.671683
K2 0.867272
RS 0.733112
DRI 0677734
RGN 0.632694
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Z-ARAS (Adah & Tus, 2023)

Step 1: Define the decision matrix (x*) including performances of alternatives with respect to each criterion in terms
of Z-numbers for kth decision maker,

xy; (A, B) - x, (A, B)
X*(A, B) =[le.‘ {'A,E]] - : : (i=1.2...mj=12..mk=12K) (12)
mxn . .
& (A B) e xb (&, )

Step 2: Aggregate different decision matrices to continue the Z-ARAS method, and obtain the aggregated decision
matrix X shown in Equation (13).

In this study, geometric means of the elements of the k decision matrices are computed during agegregation process.*

X =[x (A, B)] I
Step 3: Convert Z-numbers to fuzzy numbers by using Equations (9)-(11), and obtain aggregated fuzzy decision matrix
shown in Equation (14).

I - Xip
X= [iij]mxn =1 : (14)
xm] Kmn

In all steps after Step 3, needed operations are performed for fuzzy ARAS method.™

Step 4. Compute the optimal performance (Xy; ) of the optimal alternative for each criterion, and add this value to the
decision matrix.

Xp; is determined by the decision maker but if X;; cannot be determined by the decision maker or its value is not clear,

one way can be considering the type of the criteria. Then, it is X;; for the benefit criteria, and %;; for the cost criteria.

X11 {',&,E) <o+ Xin {ﬁhﬁ}

Xm1 {.‘&13) “* Xmn {‘S*'B]

(i

1,2..

m:j = 1,2,..

1]'1-:]

(13)



Z-ARAS (Adah & Tus, 2023)

C’\V\’\\l’\ﬁ)n

N e

Step 5 Mormalize the fuzzy decision matrix by considering the type of the criteria, and obtain normalized fuz=zy
decision matrix as follows:

N =[] mxn i =0,1,..mandj = 1, Z,...n (15}
%,
fiy= —m2— i=0,1..,mandj = 1, 2,...,n {15a)
1=o Xty
1 x
fy=—2 fiy=—m—1=01,...mandj = 1, 2,...,n (158}
u 1=0 X1y

where fyy; denotes the normalized fuzzy performance values. Equations (15a) and (15b) are used for the benefit and cost
criteria, respectively.

Step 6 Obtain weighted fuzzy decision matrix, £F

o dor - don

b= dyl,... =1 : : =01, . .., mj=1,2 .., (163}
"jrml e "-Imn mEn

dip = figy * iy (17}

where wl; is the fuzzy weight of jth criterion. Any weighting method can be used for finding fuzzy weights of criteria.

Step 7 Calculate the overall fuzrzry performance value of each alternative (5} by using Equation (18)

Ll
Sp=2dy (i=012..,m) (18}
=1

Step 8: Calculate the fuzzy utility degrese {Lf;) for each alternative as follows:

=L (= 1.2,...m) (19}

Z,

where & is the overall fuzzy perforrmance value of the optimal alternative.

Step O Convert the fuzzy utility degrees of alternatives to the crisp ukility degrees for the mnking purpose.

This conversion is performed by Equation (8). The alternative with the highest crisp utility degree is considered as the
best alternative among all others. >



Z-ARAS (Adah & Tus, 2023)
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For restriction part™

Linguistic Triangular
assessments fuzzy number
Very Low (VL) (1,1,3)
Low (L) (1,3,3)
Medium (M) (3,57
High (H) (5,7,9)
Very High (VH) (7,9,9)

For reliability part
Triangular

Linguistic fuzzy
assessments number
Not Sure (NS) (0,0,1)

Not Very Sure (NVS) (L3,5)
Sure (S) (5,7,9)
Very Sure (VS) (9,10,10)
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(0.12, 0.18, 0.30) (0.19, 0.30, 0.46).

(0.24, 0.36, 0.54). (0.10, 0.16, 0.25).
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0

1175 BEY, S50 (259, 501 RES))
(L7, L% 4200280, 400, 64
(1175 BES S50 (250, 501 LES)
(13, 440 A4, (15, 101, 6,87
(135 3AY S8 (25050 69
(L3080 AL (250, 400, &40)
L3, 441} £,4) (259, 510, 6,9
(L3080 AL (250, 400, &40)
FLL0IL 5,00, 7000 [5%, S011, 659 )
{100, 300, L1000, (250, L.04, 4#))
L3, 441, £, (259, &1, 6, E0)

I5

(157, 5,02, 7.0, (L5, 501, EE9)
(1341, 844, 748, (289, 403, &)
(15,44, %48, WA, (256 500 650)
(42, 6:360 740, 280, 400, 0]
({441, 64, K45, (25, 501, 6EV])
(141, 844, 248, (289, 403, &)
(12, 5,02, 70, (L5, 501, EE9)
(141, 844, 248, (289, 403, &)
(4%, G5, B4 (L5, 501 £59)
I, 748 00, (2.9 400, 440)
(441, 6,4, 45, (25, 501, 650])

B
(00, %00, 500, (256, 501% 6.650)
WA S0, A0, AWML (5 400, 6390

(00, 00,000, (250, A0, 481))
(440, 6,8, B4 (L5, 5101, BEVT)
(00, 00,000, (250, A0, 481))
(1258, 4,40, 6 A), (.5, 500, LRV 1)
(238, 4,40, 6.44), (25,100, &80])
(544, .4, B0, (229, 501 669
(440, 644, 451 [ 190, £.00, .80
(S0, %00, %00, (259, 50 689)

D

1175, 5D 954 (25, 510, 6,50)
(1142, 341, 34411250, 400, &80

([, 441 6,49} (L85, S0, 655
(0100, 3,063 000, (250, 43, £50)
1175, 5D, 950 (25, 510, 6,50

(LT, LA, 2000 (250, 300, 6,70)

(L0, 1,55 BET), (89, 5,00, 66901

(100, 2 3, 4400, (25 500, 6400
115, 559, 470 (289, 500, 655

(LT LR, 2RI, (250, 400, 6,0

([, 441 6,349} (L85, S0, 655



a0 (5 )1 SIUST b (x0T (5 oS o g pilo Sl spony alo> g0

IWio 39 59T Cawiy

x pug(x)dx JIo (43 5 .

a = Jx ke () (Z7) 39 casgi

SINio 38 o5 4L Jug (x)dx Sty T Jaows 5

Z ) Jgoxe 53

JTows!

= 7 Appregated decision matrix with triangular fuzzy numbers.

0 Is ES D
optimal (222,222, 2.22) (7.56, 7.56, 7.56) (3.32,3.32,332) (2.22, 2.22, 2.22)
FM, (3.84, 8.59, 13.12) (859, 13.12, 17.60) (1109, 15.53, 19.98) (3.84, 8.59, 13.12)
FM, (3.84, 8.59,13.12) (7.56, 12.06, 16.53) (3.32,8.22, 12.85) (2.92, 7.56, 12.06)
FM, (3.84, 8.59, 13.12) (12.06, 16.53, 19.96) (7.42,12.56,17.23) (5.06, 9.76, 14.27)
FM, (5.06, 9.76, 14.27) (9.34,13.97, 17.60) (6.65, 11.09, 15.53) (2.22, 6.65, 11.09)
FM;s (2.92, 7.56, 12.06) (9.76, 14.27, 18.75) (9.76, 14.27, 18.75) (3.84, 8.59,13.12)
FM, (3.84, 8509, 13.12) (7.56, 12.06, 16.53) (6.65, 11.09, 15.53) (3.84, 8.59,13.12)
FM; (5.06, 9.76, 14.27) (859, 13.12, 17.06) (5.06, 9.76, 14.27) (2.22, 3.84, 8.59)
FM;z (3.84, 8509, 13.12) (7.56, 12.06, 16.53) (5.06, 9.76, 14.27) (2.22, 5.06, 9.76)
FM, (6.65, 11.09, 15.53) (10.62, 15.20, 18.75) (12.06, 16.53, 19.96) (2.92, 5.74, 10.62)
FM,, (2.22, .65, 11.09) (12.06, 16.53, 19.96) (9.76, 14.27, 18.75) (3.84, 8.59,13.12)
FMy (5.06, 9.76, 14.27) (9.76, 14.27, 18.75) (110, 15.53, 19.96) (5.06, 9.76, 14.27)
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TABLE 8 Weighted fuzzy decision matrix.
0 IS ES D
optimal (0.02, 0.05, 0.11) {0.02, 0.04, 0.08) (0.04, 0.09,0.17) (0.01, 0.04, 0.08)
FM, (0.00, 0.01, 0.0&) (0.01, 0.02, 0.07) (0.01, 0.02, 0.05) (0.00, 0.01, 0.05)
FM: (0.00, 0.01, 0.08) {0.01, 0.03, 0.08) (0.01, 0.04, 0.17) (0.00, 0.01, 0.08)
FM, (0.00, 0.01, 0.0&) (0.01, 0.02, 0.05) (0.01, 0.02, 0.08) (0.00, 0.01, 0.04)
FM, (0.00, 0.01, 0.05) (0,01, 0.02, 0.07) (0.01, 0.03, 0.08) (0.00, 0.01, 0.08)
FM; (0.00, 0.01, 0.08) {0.01, 0.02, 0.06) (0.01, 0.02, 0.06) (0.00, 0.01, 0.05)
FM, (0.00, 0.01, 0.08) {0.01, 0.03, 0.08) (0.01, 0.03, 0L.O8) (0.00, 0.01, 0.05)
FM, (0.00, 0.01, 0.05) (0,01, 0,02, 0,07) (0.01, 0.03, 0.11) (0.00, 0.02, 0.08)
FM; (0.00, 0.01, 0.08) {(0.01, 0.03, 0.08) (0.01, 0.03, 0.11) (0.00, 0.02, 0.08)
FM, (0.00, 0.01, 0,04) (0.01, 0.02, 0.06) (0.01, 0.02, 0.05) (0.00, 0.01, 0.06)
FM,, (0.00, 0.02, 0.11} {0.01, 0.02, 0.05) (0.01, 0.02, 0.06) (0.00, 0.01, 0,05)
FM,, (0.00, 0.01, 0.05) {0.01, 0.02, 0.06) (0.01, 0.02, 0.05) (0.00, 0.01, 0.04)
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7 § TABLE 9 Owerall performances, utility degrees, and crisp scores for all failure mndcsl
Overall Crisp utility
performance Utility degree degree
optimal (0.08, 0.21, 0.44)
FM,; (0.02, 0,05, 0.23) (0.04, 0.30, 2.72) 0.662
FM, (0.02, 0,09, 0.37) (0.03, 0.40, 4.41) LO0E
FM, (0.02, 0.0&, 0.22) (0.04, 0.30, 2.64) 0.643
FM, (0.02, 0.07, 0.28) (0.05, 0.34, 3.28) 0.780
FM (0.02, 0.07, 0.25) (0.04, 0.31, 2.93) 0.701
FM, (0.02, 0,07, 0.27) (0.05, 0,35, 3.23) 0779
FM- (0.02, 0,09, 0.31) (0.05, 0.40, 3.66) 0.8E7
FM (0.02, 0.08, 0.34) (0.03, 0.40, 3.93) 0.931
FM, (0.02, 0,05, 0.20) (0.04, 0.29, 2.38) 0.597
FMin (0.02, 0.07, 0.26) (0.04, 0.30, 3.08) 0.723
FMy, (0.02, 0.05, 0.20) (0.04, 0.258, 2.31) 0.580
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