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1. Introduction

Statistical inference for partially identified economic models is
a growing field in econometrics. The field was pioneered by Charles
Manski in the 1990s (See Manski, 2003 and the references therein),
and there have since been substantial theoretical extensions and
applications. In this literature, the economic structures of interest
are characterized by an identified set ©,, rather than by a single
point in the parameter space ® C R¢, d e N. Elements of the
identified set lead to observationally equivalent data generating
processes. A sample of data generated by any of the parameter
values in the identified set, therefore, gives us information about
the identified set, but not about the underlying “true” parameter
value generating the observed data.

Chernozhukov et al. (2007) (CHT) study estimation and sta-
tistical inference on ®; within a general extremum estimation
framework. CHT have shown that a level-set estimator based on a
properly chosen sequence of levels for the criterion function con-
sistently estimates the identified set, defined as a set of minimiz-
ers. They use a quasi-likelihood ratio (QLR) statistic to construct a
confidence set that asymptotically covers the identified set with at
least a prespecified probability. This criterion function approach is
applicable to a broad class of problems.

Another common approach is to estimate the boundary of ®,
directly. This is an attractive alternative if the boundary of the
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identified set is easily estimable. Recent studies show that when @,
is a compact convex set, its support function provides a tractable
representation by summarizing the location of the supporting hy-
perplanes of ©@,. (Beresteanu and Molinari, 2008 (BM); Bontemps
etal., 2012). So far, the criterion function approach and the support
function approach have been viewed as distinct. Each has its ad-
vantages and challenges. The criterion function approach is widely
applicable, but constructing the level set can be computationally
demanding. The support function approach, on the other hand, is
more direct and computationally tractable for some problems, but
it has been applied to a limited class of models when parame-
ters are multi-dimensional. A main contribution of this paper is to
unify these approaches within a general framework. We do this by
studying an inference method that is based on the support func-
tion of a level set estimator. To the best of our knowledge, this is
the first such effort.

In this paper, we focus on econometric models with compact
convex identified sets, which enables us to characterize the
identified set by its support function.! This class includes many
econometric models studied recently, e.g., regression with interval
data (Manski and Tamer, 2002; Magnac and Maurin, 2008), a class
of discrete choice models (Pakes, 2010), consumer demand models
with unobserved heterogeneity (Blundell et al., 2014), and an asset
pricing model in incomplete markets (Kaido and White, 2009).
Following CHT, our estimator of @ is the level set 6, = {6

1 our analysis applies to the convex hull of the identified set if it is nonconvex.


http://dx.doi.org/10.1016/j.jeconom.2015.12.017
http://www.elsevier.com/locate/jeconom
http://www.elsevier.com/locate/jeconom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jeconom.2015.12.017&domain=pdf
mailto:hkaido@bu.edu
http://dx.doi.org/10.1016/j.jeconom.2015.12.017

270 H. Kaido / Journal of Econometrics 192 (2016) 269-290

Q,(0) < t,} ofacriterion function Q,(-) for some sequence of levels
{t,}. The support function approach provides a straightforward
algorithm to compute the boundary of this estimator. Specifically,
we propose to solve the optimization problem maxg, )<, (P, 6)
for each p. This yields the support function s(-, @,) of the set
estimator as a value function and also gives the boundary of O,.
The optimization is a convex programming problem, which can be
solved using standard algorithms.

The estimated support function can also be used to conduct in-
ference. Using a dual relationship between the criterion function
and support function, we first show that the asymptotic distri-
bution of the properly normalized (centered and scaled) support
function is that of a specific stochastic process on the unit sphere.
The normalized support function lets us make various types of in-
ference for ®; and points in ©;. For example, as shown in BM, the
normalized support function allows one to construct a confidence
set that covers the identified set with at least some prescribed con-
fidence level. Further, one may test whether ®; includes a specific
point, i.e,, Hy : 6y € ©; using a test statistic based on the esti-
mated support function. We contribute to the literature by estab-
lishing the asymptotic distribution of this statistic. Specifically, our
asymptotic distribution result generally holds even if the identified
set has kink points and thus extends the result of Bontemps et al.
(2012). This test can be inverted to construct a confidence set for
each point in the identified set.

Our work is related to the work of BM who first studied
inference based on estimated support functions for the case
where @, is a linear transformation of the Aumann expectation
of set-valued random variables and Bontemps et al. (2012) who
consider a confidence set for a point in the identified set, when
®) is characterized by incomplete linear moment restrictions. Our
analysis further contributes to this line of research by extending
these results to the general setting where @, is the set of
minimizers of a convex criterion function.

We apply the main results to econometric models characterized
by finitely many moment inequalities. This class has been exten-
sively studied recently (see references in Section 4). We contribute
to this literature by establishing a new equivalence result within
this class. Our Wald-type statistic (squared directed Hausdorff dis-
tance) and CHT’s QLR statistic converge in distribution to the same
limit under some regularity conditions. As a result, the Wald confi-
dence set, a set obtained by expanding the set estimator by a suit-
able critical value, is asymptotically equivalent to CHT’s confidence
set, a level set whose level is a specific quantile of the QLR statistic.

The paper is organized as follows. In Section 2, we summarize
CHT’s econometric framework and introduce some useful back-
ground. We establish the asymptotic distribution of the normalized
support function and develop our inference methods in Section 3.
Section 4 studies moment inequality models. We present Monte
Carlo simulation results in Section 5 and conclude in Section 6. We
collect our mathematical proofs in the Appendix.

Throughout, we use the following notation. Let R, := [0, c0)
and R, := R, U {oo}. For any closed set A € R, let dA denote
its boundary, and let A° denote its interior. For any x, y € R, let
(x, y) denote the inner product of x and y, and let ||x|| denote the
Euclidean norm of x. We let S%~! = {x € R? : ||x|| = 1} denote the
unit sphere in R% and €(S%"!) is the set of continuous functions
on S% . Finally, for any J x J matrix w and vector y € R/, we let
lwyll+ = |lw(y o 1{y > 0})|, where o denotes the entrywise
product.

2. General setup

2.1. Criterion functions and set estimator

We start with introducing criterion functions and high level
conditions (Assumptions 2.1-2.3) based on the conditions in CHT.

Our first assumption is on the data generating process (DGP),
parameter space, and the criterion functions.

Assumption 2.1. (i) Let (£2, §, P) be a complete probability space.
Letd € N, and let ® C R? be a compact and convex parameter
space with a nonempty interior; (ii) Let Q : R — R, be a
lower semicontinuous (Isc) function; (iii) Forn = 1,2,..., let
Q, : 2 x RY - R, be ajointly measurable function such that
Qn(w, 0) < ooforatleastoned € ®,Q,(w,0) = ooforalld ¢ O,
and 6 — Q,(w, 0) is Isc with probability 1.

Compactness is a standard assumption on ® for extremum
estimation. The function Q,, acts as our sample criterion function.
For example, a commonly used criterion function for moment
inequality models is

2

Q(w, 0) = , (2.1)

N 1<
1/2 . )
‘Wn (a),@)n ,»=El mXi(w), 6)

+

where m(x, 0) is a vector-valued function such that E[m(X;, 6)] <
0 for one or more values of 6, and Wn is a weighting matrix that can
depend on the sample. For simplicity, we write Q,(9) below, but its
dependence on w should be understood implicitly. The function Q
is the population criterion function. Without loss of generality, we
normalize the minimum value of Q to 0. Following CHT, we then
define the identified set as the set of minimizers of Q :

O :={0ed:Q(0)=0}. (2.2)

Throughout, we assume that @, is a non-empty subset of ®. The
set estimator of @; is then defined as a level-set of Q,. We also
normalize Q;, so that the minimum of Q, is 0. For a non-negative
sequence {t,} C R, and a positive sequence {a,} C R, the set
estimator is defined by

On(ty) = {0 € O : 4,Q () < t,}. (2.3)

For any a € R? and closed set B € RY, letd(a, B) := infyep |la — b||.
For any closed subsets A, B of RY, let

dy (A, B) := max [aH (A, B), dy (B, A)] ,

dy (A, B) := supd(a, B), (2.4)

aeA

where dy and aH are the Hausdorff and directed Hausdorff
distances respectively. The following assumptions based on CHT’s
conditions C.1-C.3 are general enough to be satisfied by many
examples involving inequality constraints.

Assumption 2.2. (i) supyc{Q(0) — Qu(0)}+ = 0p(1). (ii) supyeg,
Qq(0) = 0p(1/ay). (iii) There exist positive constants (8, «, y)
such that for any € € (0, 1), there are («, n.) such that for all
n>n,

Qu(0) = « min{d(, &), 8},

uniformly on {8 € © : d(0, ©)) > (k./a,)"/"} with probability at
least 1 — €.

Assumption 2.3 (Degeneracy). (i) There is a sequence of subsets
®, of @, which could be data dependent such that Q,, vanishes on
these subsets, that is, Q,(0) = 0 for each 8 € ©,, for each n, and
these sets can approximate the identified set arbitrarily well in the
Hausdorff metric, that s, dy (©y, ©;) < €, for some €, = 0,(1). (ii)

€n = Op(a;]/y)-
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Under Assumptions 2.1-2.3, CHT’s Theorem 3.2 is applicable.
In particular, CHT show that it is possible to achieve consistency
and an exact polynomial rate of convergence by choosing a level
t, = t € Ry such thatt > infycp a,Q,(6) with probability 1.
Hence, we have dy (6, (t), @) = Op(a;”y).

Finally, we assume that ®; and (:)n (t) are convex by assuming
that the population and sample criterion functions are convex.

Assumption 2.4. (i) Q is a convex function; (ii) Q, is a convex
function a.s.

2.2. Support function

Throughout, we use support functions to characterize compact
convex sets. The support function s(-, F) : S~ — R of a compact
convex set F C R is defined pointwise by
s(p, F) = sup(p, x).

xeF

The set H(p,F) = {x € RY : (p,x) = s(p, F)} N F is called the
support set. Heuristically, for each unit vector p € S, the support
function s(p, F) measures the signed distance from the origin of
the supporting plane of the set F with a normal vector p (see the
online addendum for more detailed descriptions of these objects).
The support function is a continuous function on the unit sphere
and therefore takes its value in €(S¢"1). Since any convex set can
be represented by the intersection of such supporting planes, the
support function fully characterizes the boundary of the set of
interest. R

In our setting, the support function of the set estimator ®,(t)
offers a straightforward procedure to compute the boundary of
(:)n(t). Consider the following optimization problem:

(p, 0), subjectto a,Q,(0) <t.

(2.5)

maximize (2.6)

The optimal value function of this problem is s(p, én (t)), and
a solution to (2.6) is a point in the support set H(p, @n(t)).
One may then trace out the boundary of O, (t) by solving (2.6)
for different values of p. The optimization problem in (2.6) is a
convex programming problem, which is often easily solvable using
standard algorithms (see for example Boyd and Vandenberghe,
2004).

In addition to providing a straightforward algorithm to
compute @),,(t), support functions have useful properties for
inference. That is, for any compact convex sets A, B, it holds that
du(A, B) = sup,cgi-1 |S(p, A) — s(p, B)| and dy (A, B) = suppgd-
{s(p, A) — s(p, B)}Jr.2 This means that the Hausdorff distance (or
the directed Hausdorff distance) between sets is equal to the
uniform distance (or the one-sided uniform distance) between the
support functions. These isometry relationships between sets and
support functions allow us to write

al? dy(O,(t), ©)) = sup |Za(p, t)l,
pest! 2.7)
and @'/ dy (O, On(t)) = sup {—Za(p, D)},

pESd—l

where Z,(p, t) is the normalized support function defined by

Zn(p, t) := a)/” (s(p, On(t)) — s(p, O))). (2.8)
Therefore, if for a given t, Z,(-, t) converges weakly to some
limit Z(-, t) in €(S?™"), then the desired limiting distributions of
Hausdorff distance measures follow from the continuous mapping
theorem. This in turn allows us to conduct inference for ®; and
points inside it.

2 See Theorem 1.1.12 (Hormander’s embedding theorem) in Li et al. (2002) and
Lemma A.1in BM.

2.3. Examples

To fix ideas, we discuss below leading examples of models
with convex identified sets based on simplifications of well known
models. The first example is a regression model with an interval-
valued outcome studied in Manski and Tamer (2002).

Example 1 (Interval censored outcome). An outcome variable is
generated as

Y=270+c¢,

where Z € RY is a regressor vector with discrete support Z =
{z1,...,7},0 € ® C RY, and E[¢|Z] = 0.Y is not observed but
the outcome interval [Y;, Yy] which contains Y is observed. The
identified set then consists of parameter values that satisfy

EVi|Z =2]<Zz0 <E[Yy|lZ=2z], j=1.....K. (2.9)

Since the constraints are affine in 6, the identified set is convex.
Let 12(z) = ({z = z1},...,1{z = z}) and m(x) =

i 12(2),yulz(2), 12(2)). Further, let A = (—z,..., —z,

z1,...,2x) . The affine constraints in (2.9) can then be written as

A6 — F(E[m(X)]) <0, (2.10)

where F : R3¢ — R3X is a transformation that combines uncondi-
tional moments to construct conditional moments whose kth com-
ponent is defined as follows:

Uk

. k=1,....K
Fe(w) = { 7% (2.11)
—— k=K+1,...,2K
V2K +k

Other examples that give the constraints of the form in (2.10) in-
clude the IV model for a binary outcome studied in Chesher (2009)
and a special case of revealed preference bounds studied in Blun-
dell et al. (2014).

Strictly convex identified sets also arise in an asset pricing
model with market frictions.

Example 2 (Pricing kernel). Let Z : 2 — R/ be the payoffs of |
securities that are traded at a price of V € R’+. If short sales are not
allowed for any securities, then the feasible set of portfolio weights
is restricted to R’+ and the standard Euler equation does not
hold. Instead, under power utility, the following Euler inequalities
hold (see Luttmer, 1996):
1 _
E [Y vz — v] <0, (2.12)
1+p
where Y : 2 — R, is a state variable, e.g. consumption growth, p
is the investor’s subjective discount rate, and y is the relative risk
aversion coefficient. When the payoff Z takes nonnegative values
almost surely, the set of parameter values 6 = (p, y) that satisfy
(2.12)is convex. A criterion function can then be defined as in (2.1)
withX = (Y,Z', V) and m;(x,0) = ﬁ Yz — v for all j. This
example belongs to the class of moment inequality models studied
in Section 4.1.

3. Inference

We first establish the main duality that relates the stochastic
behavior of the normalized support function Z,(-, t) to that of a
localized criterion function. This result is then used to show that
Z, (-, t) converges weakly to a limit Z(-, t), which in turn ensures
the asymptotic validity of Wald-type inference methods based on
the normalized support function.
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Fig. 1. Set estimator @, (t) and its support function s(p, @, (¢)).
3.1. Duality and the Asymptotic Distribution of Z,

To see how the criterion function and the support function
of the set estimator are related to each other, we start with the
following equivalence relationship:

S ,@ t)) <u inf
(P, On(0) ®9e1<u,pm~)

a,Q,(0) > t, as., (3.1)

where K, , == {0 € RY : (p,0) > u}.’ The left hand side of
(3.1) means the set estimator is separated from the half-space K, p
intersected with ®. Since @n (t) isthe t-level set of a,Q,, this means
that the minimum value of the function over K, , N ® exceeds the
chosen level t. Fig. 1 illustrates this relationship.

A key object for our asymptotic analysis is the sample criterion
function localized on a neighborhood of ®,. For each (6,1) €
90, x RY, define the local criterion function £,, by

(0, 1) = 0,Qu(6 + 1/)7).

A dual relationship similar to (3.1) also holds for the local criterion
function £, and the normalized support function Z,. In particular,
using (3.1), Lemma C.2 in the Appendix shows that the following
relationship holds:

Y(p,u) € st R, a.s.,
(3.2)

Zo(p.t) <u ¢ inf £a(8.2) > t,

n,u,p

where Ry, := {(6,1) : 6 € H(p, O)), 1 € K,p N )" (@ — 6))
consists of the values of (6, ) such that 6 is in the support set
H(p, ®;) and A is in the local parameter space K, , N a;/y (® —0).

The equivalence relationship in (3.2) implies that the distribu-
tion of Z,, (-, t) is tied to that of the infimum of £, over the set R, ,, p.
The finite dimensional convergence of Z, (-, t) is then ensured if
the probability of the event on the right hand side of (3.2) con-
verges properly to some limit. Heuristically, the argument for es-
tablishing the limiting distribution can be summarized as follows.
For any {(px, ux)}z_,, the duality in (3.2) implies

P(Zn(p], t) <Upy.e.., Zn(pmv f) < um)
:P( inf €,(0,%) > ¢,..., inf zn(e,)\)>t). (3.3)

Rn,ulml n.um.pm

3 The proof of duality results discussed here are collected in Appendix C. Note
thatif ©@,(t) = @, we take s(p, O, (t)) = supyc,(p, ) = —oo.

If {infanuk,pk £n(6, M)}, converges in distribution to {infRuk'pk s
(0, M)};L, for some process £, and suitable sets {Ry, ,, }i.;, we can
seek a process Z such that

P(Z(p]s t) <Up ..., Z(pI‘H7 t) < um)

:P( inf €oo(@,3) > £, ..., inf £o(6,2) > t). (3.4)
R”1vP1 R!lm-Pm

Then, Z,(-, t) converges weakly in finite dimension to Z(-, t).
The next theorem establishes this; It further gives the asymptotic
distributions of the Hausdorff distances by showing that Z,(-, t)

. d.
converges weakly to Z(-, t) in C(S%~'). Below, we use 5 to denote
weak convergence in € (S%1).*

Theorem 3.1. Suppose that Assumptions 2.1-2.4 and B.1 (in the Ap-
pendix) hold. Then, (i) for each t € R4, Z,(-, t) converges weakly
in finite dimension to Z(-, t), where Z(-, t) is a stochastic process on
S%1, which has the representation:

Z({p,t) = Agr=1{A 1 €(0,1) <t}), (3.5)

sup s(p, Ag.c),
6eH(p,0r)

where £, is defined in Assumption B.1 in the Appendix; (ii) Further,
Zu(-, 1) 25 Z(-, 1) s0 that

a7 dy(On(t), ©) > sup |Z(p, 1)], and
pESd71
, (3.6)
ay” dy (O, On(t)) > sup {—Z(p, D)}

peSd—l

Theorem 3.1 characterizes the limiting distribution of the
support function of the set estimator and provides a basis for
asymptotically valid inference. We illustrate this result using
Example 1.

Example 1 (Interval censored outcome (continued)). Recall that the
inequality restrictions in (2.9) can be written as constraints affine
in 6. Using this, define a sample criterion function Q, by

2K
Qu®) =Y b (a6 — FuBalm(0)]) . (37)
k=1

where g, denotes the kth row of Ain (2.10), and &,fn is a consistent
estimator of the asymptotic variance of the kth constraint.” One can
then use the support function of a level-t set @n(t) of this criterion
function for inference. We will discuss how to compute O, (t) and
a confidence region using convex programs in the next section.

By the dual relationship in (3.2), the asymptotic behavior of the
normalized support function Z, (p, t) is tied to that of the following
local criterion function:

2K
0(0.3) = VY~ 6} (640 + 2/ V) = FeBalmeD)
k=1

2K
= 3 60, (VAUREIOOD — FeEalmX) D)
k=1

+a + V(g8 — REmE)D)) (38)

)
+

4 The online addendum (http://people.bu.edu/hkaido/pdf/Supp_Duality.pdf)

provides discussions on the convergence modes of stochastic processes used in
this paper.

5 Due to the moments being affine in 6 and A being known, the asymptotic
variance of the constraints does not depend on 6 in this example.
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where m(x) = (y.12(2),yu1z(2), 1z(2)). This local criterion
function £,(6, A) can then be shown to converge in the mode
required by Theorem 3.1 to the following limiting process:

2K

@) =Y o (G +ap+ gk(e))+ :
k=1

(3.9)

where G € R?f is a multivariate normal vector with the covariance
matrix VF$2,VF' where VF is the gradient of F, 2, is the
covariance matrix of m(X;), and ¢x(0) = 0if 4,0 — F(E[m(X)]) =
0, and () = —oo otherwise.® By Theorem 3.1, the limiting
distribution of the normalized support function Z,(p, t) depends
on £, via (3.5), which governs the asymptotic properties of Wald-
type statistics we introduce below. Theorem 3.1 therefore gives
a theoretical basis for the asymptotic validity of our inference
methods. W

3.2. Inference

For making asymptotically valid inference, one needs to
consistently estimate critical values of the form:

Ci—g(t) = inf{x : P(suqlln T(Z(,t)) < x) >1-— a},
PEY¥D

(3.10)

where ¥, € S ', and T : R — R is a known function. Below,
we assume Q,, is constructed from a sample {X; : 2 — I[ii"}i”:1 of
IID random vectors and give a generic subsampling procedure for
estimating c;_g.

Assumption 3.1. Let Assumption 2.1 hold with Q,(w,0) =
QX1 (®), ..., Xn(®), §) where Q, : [, R* x RY — R, is jointly
measurable,n = 1, 2, ..., and {X;} is an IID sequence of random k-
vectors, k € N.

Under Assumption 3.1, a straightforward subsampling algo-
rithm is the following.

Algorithm 3.1 (Subsampling for normalized support functions). Let
t >0and0 < a < 1be given. Let b := b, < n be a positive
integer,and letN, == (Z).Let{llln}beasequence ofrandom closed

subsets of S~ 1.

Step 1. Fork =1, ..., Ny, construct @n,b,k(t), the set estimator
for the kth subsampl~e, computed as a t-level set of the
criterion function a, Q. p kX, » - - - » Xk, 0).

Step 2. For k = 1,...,N,p, compute Z,,(p,t) = a;/y
[s(p, Onpk(t)) — s(p, On(t))].

Step 3. Compute the (1 — «)-quantile ¢, p 1—o(t) of the subsam-
pling distribution:

Fus(e )= Nop >~ 1 sup T (Znsalp, 0) = ).
1<k<N,), PE€¥n

(3.11)

For any ¢, let F(x,t) = P(Suppey, Y (Z(p,t)) =< x). The next
theorem is a basic result for subsampling statistics based on the
normalized support function.

6 The analysis of this example is similar to that for the moment inequalities,
which we will discuss in detail in Section 4.1. A difference is due to the presence
of the transformation F.

Theorem 3.2. Suppose the conditions of Theorem 3.1 and Assump-
tion 3.1 hold. Suppose further that T is Lipschitz continuous, ¥ is
compact, and that dy (¥, ¥o) = 0,(1). Let I:"n,b(~, t) and Gy p.1—q(t)
be computed by Algorithm 3.1. Suppose that b — ocoandb/n — 0as
n — oo. If x is a continuity point of F(-, t), then ﬁn,b(x, t) —> F(x, t)
in probability;

Remark 3.1. Subsampling is generally valid under Assumption 3.1
and the conditions of Theorem 3.1. We note, however, that if
the example of interest has additional structure, an alternative
inference method may be preferable in terms of the accuracy
of approximation or computational tractability. For example, the
score-based weighted bootstrap applied to models defined by
convex moment inequalities in Kaido and Santos (2014) does
not require repeated set estimation on bootstrap samples and is
therefore computationally more efficient.

3.2.1. Inference for the identified set

We illustrate the use of Theorem 3.1 by studying inference for
the identified set. Let ®, be a compact convex set, and consider
testing

Hy : ®9 C ®; vs. Hi: 6B 5; e. (3.12)

We test this hypothesis using the scaled directed Hausdorff
distance:

T (t) == a\/"dy (@, On(1)). (3.13)

Theorem 3.1 shows that under the null hypothesis, T,” converges
in law to T~ = suppey, Y (Z(p,t)), where T (x) = {—x},
and ¥, = S%!. A critical value can be computed using
Algorithm 3.1. Pointwise size control and the consistency against
fixed alternatives then follow as a corollary to Theorem 3.2.

Corollary 3.1. Suppose the conditions of Theorem 3.1 and Assump-
tion 3.1 hold. Let ®y be a nonempty compact convex subset of ©°.
Let 6,3,’1_0[(0 be the 1 — o quantile of I:‘n(', t) computed by Al-
gorithm 3.1 with T (x) = {—x}; and ¥, = S%! for all n. Let
E,jﬂfa(t) = 6“7,’1701 (t) + &, where § > 0 is an arbitrarily small
constant.

() If ®g C ©;and « € (0, 0.5), then it holds that

limsup P (T,”(t) > & 1_, (1) < o

n—oo

(i) If ®g Z O, then the test is consistent:
Jlim P (T (6) > Cpa () = 1.

In Corollary 3.1 (and also in Corollary 3.2), an arbitrarily small
constant § > O is introduced to the critical value. This is to
ensure that the test remains asymptotically valid even if the
limiting distribution F~ (-, t) of the test statistic is not continuous
at the 1 — « quantile or showing the continuity of F~ (-, t)
is not straightforward. However, if the limiting distribution is
continuous, Corollary 3.1 holds with the critical value ¢} ,_, (),
and hence one does not need to introduce 4. In various erriﬁirically
relevant examples, this is a reasonable assumption. For example,
in the linear regression with an interval censored outcome
(Example 1), the limiting distribution can be shown to be the
maximum of a Gaussian process for which sufficient conditions
for its absolute continuity are known (see e.g. Tsirel’son, 1976;
Davydov et al., 1998). Other examples that have the same structure
include revealed preference bounds with linear payoffs (Pakes,
2010; Blundell et al, 2014) and an IV model with a binary
dependent variable (Chesher, 2009).
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A one-sided confidence set ¢, that covers the identified set
with an asymptotic coverage probability 1 — « can be obtained by
inverting the test in Corollary 3.1. For each t, define

Cin(t) =10 € O : d(B, On(D)) < &1 o(D)/a)7},

Cob1—a(®) = Cpq_o(t) +6. (3.14)

This confidence set is an expansion of the set estimator @n(t) by

the amount En_j), e (t)/a;/y .” Under the conditions of Corollary 3.1,
the confidence set satisfies lim inf,_, oo P (®; € Cq,(t)) > 1—a for
a € (0,0.5) and t small enough.

Remark 3.2. The hypothesis in (3.12) and its test using an
estimated support function is first studied in BM. Here, we use
the same hypothesis testing framework as theirs. However, there
are two key differences. First, the class of models considered
here is different. We require that ®; to be the set of minimizers
of a convex criterion function, while BM considers a class of
models in which the identified set can be represented as a linear
function of the Aumann expectation of random sets. Second, the
limiting distribution of the directed Hausdorff distance statistic
T, (t) is derived differently. We use Theorem 3.1 exploiting the
duality between the support function and criterion function, while
BM applies the central limit theorem for IID random sets and a
continuous mapping theorem to their estimator, which is based on
a sample average of IID random sets.

We outline below how to construct the confidence region in the
context of Example 1.

Example 1 (Interval censored outcome (continued)). Constructing
C1,y(t) requires the researcher to compute the support function of
the consistent set estimator @n(t) and subsampled set estimators
(:)r,,b,k(t) in Algorithm 3.1. As pointed out earlier, these objects
can be computed by solving convex programs. With the criterion
function in (3.7), one can use the following linear program (LP) to
compute support functions:

max _(p,0)
(0,v)eRd xR2K

2K
subject to Z wivg < t,
k=1
—u4af <b,k=1,..., 2K,
>0 k=1,...,2K,

where b = (b, ..., byx) determines the location of the linear con-
straints, w = (wq, ..., wok) is a weight vector on the constraints,
and v = (vq, ..., vy) is a vector of auxiliary control variables.®
For example, if we set w, = ﬁ&,;nl and b, = Fk(ﬁn[m(X,-)]) with
mx) = (y.1z(2),yulz(z), 12(2)) for each k, the optimal value
of the LP above yields s(p, @,,(t)), the support function of the set
estimator. Subsampled support functions s(p, (:)n,b,k(t)) can be
computed analogously. Hence, one may compute the normalized
support function Z, p, (-, t) in Algorithm 3.1 and obtain a critical
value Cp p 14 (t) as defined in Corollary 3.1. To compute the con-
fidence region Cy,(t), solve the LP in (3.15) again while replacing
the level t with Cp 14 (t). This gives, foreachp € s4=1 aboundary
point of the confidence region C,(t) as the optimizer of the prob-
lem. Hence, repeating this for different directions, one can trace out
the boundary of C1,(t).

(3.15)

7 C1n(t) can also be written as {# € O : aH({é‘}, (:')n(t)) < 5,3,117a(t)/a,]1/y}

because, when the first argument A of aH is a singleton {a}, we have 21,., (A,B) =
SUPgeq d(a, B) = d(a, B) by Eq. (2.4).
For more details on computation, see discussions in Appendix F.

The directed Hausdorff distance statistic based on @n (t)
involves a user chosen parameter, the initial level t. As we will see
in Section 4.2, we can often properly weight the criterion function
so that the level t only affects the mean of the limiting process
Z(p, t). In this case, we can re-center the process Z,(p, t) by a
known function (t) or a consistent estimator [i,(t), so that the
choice of level becomes asymptotically irrelevant for inference.
Even if we do not have a known form for w(t) or a consistent
estimator, it is possible to remove the arbitrariness in the choice
of t.

Foreacha € (0, 1), letci” ,(t) = inflx e R: P(TT(t) < x) >
1 — o} denote the 1 — o quantile of the limit law T~ (t) of the test
statistic in (3.13) and let

tr, = inf{t € Ry : c;”, (t) = O} (3.16)

Lemma D.1 (in the Appendix) shows t = c¢;” , (t) is non-increasing
on the interval [0, t7_, . This suggests that if we start with a large
t, the amount used in (3.14) to expand the set estimator will be
smaller asymptotically, and at t = t{_, we do not need to expand
the set at all. The following theorem gives conditions under which
this change in the amount of expansion makes all confidence sets
with t € [0, t{_,) asymptotically equivalent. For this result, we

require that the limiting distribution of T, (t) is continuous.’

Theorem 3.3. Suppose the conditions of Theorem 3.1 and Assump-
tion 3.1 hold. Suppose that the limiting process takes the form
Z(p,t) = u() + Z*(p) for each (p,t) € S ! x R, where
u : Ry — Risanunknown function and that Z,(p, t)— Z,(p,t') =
w(t) — u(t’) + o0,(1) uniformly in p. Suppose that for each t €
[0, £5_,), the cdf of T~ (t) is continuous and strictly increasing at its
1 — « quantile. Let C1,(t) be defined as in (3.14) where 5::3,1_(1 (t) =
Crb.1—o (). Then (i) for each o € (0, 1) and 0 < t < t

1—a’
dH(@m(t), @n(l';k_a)) = Op(a;]/y).
(i) for each o € (0, 1) and for any t,t' € [0, t}_,), it holds that
dy (Cin(0), Cn(t)) = Op(a;”y).

(3.17)

We also propose a generic iterative algorithm to construct a
confidence set.

Algorithm 3.2 (Iterative Algorithm). Set k > 0 small. Initialize
I =1, and set t; to an initial value, say t; = 0.

Step 1. Construct the set estimator @, (t;). Estimate the asymp-
totic 1 — « quantile c;” , (t;) of the scaled directed Haus-
dorff distance a,]/yaH (O, @n(t,)) by Algorithm 3.1 with
T(x) = {—x}+ and ¥ = S, obtaining ¢}, ;_,(t1).
Using En_,’b’l_a (t), expand O,(t) by &7, () =
&_a(t)/ay” to obtain €1, (t)).

Step 2. Update the level by setting ;.1 := suPgee, ) @ Qn(0).

Step 3. Repeat steps 1-2 until |t — t| < k.

The iterative algorithm can be proved to yield an increasing
sequence {t;,! = 1,2,...} that tends to t{_,. As Theorem 3.3
shows, if the limiting process takes the form Z(p, t) = u(t) +
Z*(p), one may stop at Step 1.

9 Recall that, if the limiting distribution of T,” (t) is continuous, the conclusions
of Corollary 3.1(i) holds with the critical value En_.)b,l—o( (t) = ér:;;,]—u (t),i.e.d =0in
(3.14).
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Remark 3.3. CHT’s confidence set satisfies lim, ., P(®; C
(:)n(fn,m—a)) = 1 — o, where 7, 5 1_o IS a subsampling estimate
of the 1 — o quantile 7;"_, of the limiting distribution of their QLR-
statistic S, = supg, @,Qs(0). Theorem 3.3 suggests, ifty_, =
7;_,, the confidence sets based on the QLR-approach and our
approach are asymptotically equivalent. In Section 4.1, we will
provide conditions under which this holds for moment inequality
models.

3.2.2. Inference for points in the identified set
The estimated support function can also be used to make
inference for points in the identified set. Let 6, € ®, and consider

testing
Hy:60€ ® wvs. Hi:6p ¢ ®). (318)

We again use the directed Hausdorff distance statistic to test the
hypothesis. Define the statistic

To (0 = ay?dy ({6}, Gn (D))

= sup a7 {(p,6) — s(b, On(1))},.
peS‘Fl

(3.19)

The following theorem characterizes the asymptotic distribution
of this statistic when 6, is on the boundary of ®,.

Theorem 3.4. Suppose the conditions of Theorem 3.1 hold. Suppose
further that 6y € 00,. Then,

T, (0 > sup{—2Z(, 0}, (3.20)

pe¥o
where Wy C S is defined as ¥, := arg MaXpesd-1(P, Oo) —S(p, O)).

Let ¢;”, (6o, t) be the 1 — o quantile of sup,cy {—Z(p, )}+.
An aspect specific to pointwise inference is that ¥, in (3.20) is
generally unknown and hence needs to be estimated from data.
This is, however, straightforward. Since ¥ is the set of maximizers
of a criterion function, it admits consistent estimation by a level-
set estimator. Letting {«,,} be a sequence of positive constants such

that k, — oo and k,/ay’” — 0, we define
W, = {p € ST 2 (p, 60) — s(p, On(1))

sup((p', 6o) — s(0, On(t))) — kn/al/?}.
p/

IA

(3.21)

The following corollary establishes that the test has asymptotic
level o and is consistent against any fixed alternative hypothesis.

Corollary 3.2. Suppose the conditions of Theorem 3.2 hold. Let
6,7,,3’1_‘1(90, t) be the 1 — «a quantile of F,(-,t) computed by Al-
gorithm 3.1 with T (x) = {—x}; and ¥, = lf/n for all n. Let
Eﬁ:_pa (Bg, t) = 6,3‘17&(90, t) + 8, where § > 0 is an arbitrarily
small constant.

(i) If 6 € ®;and o € (0, 0.5), then it holds that

limsup,_,o0 P (T, 5, (©) > €1 1o (G0, f)) =

(i) If 6y & Oy, then forany t € Ry and o € (0, 1), the test is
consistent:

lim,— o0 P (T,,?go (&) > 1o (b0, t)) =1

A confidence set for 6y can be obtained by inverting the test in
Corollary 3.2. Define

Con(t) =10 € O : Ty (t) <y 100, D). (3.22)

Under the conditions of Theorem 3.2, this confidence set has the
coverage property:

liminfP (6p € Con(t)) > 1 — «, forallfy € ). (3.23)
n—oo

Remark 3.4. A statistic closely related to T,feo (t) is studied in
Bontemps et al. (2012, Proposition 10) in the context of the
incomplete linear model. To derive the asymptotic distribution of
their statistic, these authors construct a sequence p,, of unit vectors
that converges to some py € ¥y. Theorem 3.4 is a novel result that
complements their work by deriving the asymptotic distribution
of the statistic without such a sequence. For this, we note that our
statistic can be written as

T, () = max{a;” (g, (s(p, On(1))) — ¢, (5(p, ©1))), O},

where for any x : S™1 — R, ¢, (X) := sup,sa-1(p, 6p) — X(p). In
the Appendix, we show that ¢y, belongs to a class of Hadamard di-
rectionally differentiable functionals. Theorem 3.1 and a functional
S-method in Shapiro (1991) then imply Theorem 3.4.

4. Moment inequality models

4.1. Inference for moment inequality models

We apply the main results to models defined by finitely many
moment inequalities. This class has been extensively studied
recently.’? We first show that, employing a criterion function
used in CHT, the framework in Section 3 can be applied to
convex moment inequalities. We then characterize the limiting
distribution of the normalized support function. This ensures that
the researcher may apply the Wald inference methods developed
in the previous section to this class of models. In Section 4.2, we
further establish a close connection between the support function
and criterion function approaches using the characterization of the
limiting distribution. Specifically, we show that inference based on
Wald and QLR statistics become asymptotically equivalent under
some conditions. This result can be thought of as a generalization of
an asymptotic equivalence result Beresteanu and Molinari (2008)
established for interval identified models, a special case of convex
moment inequalities.

In the following, we use E and E"n to denote the expectation
operators with respect to the data generating probability measure
and the empirical measure, respectively. Let m; : R¥ x R? — R,
j = 1,...,] and my be a]J x 1 vector whose jth component is
m; ¢ = m;(X; 6). The model is then characterized by the following
moment inequality restrictions:

i=1,....].

A number of examples including Example 2 have this structure.
The identified set @ is the set of parameter values at which these
restrictions are satisfied. Following CHT, we consider population
and sample criterion functions of the form:

E(m;j(X; 6)) <0, (4.1)

Q) = IWV2(O)E(m)|I2, and Q,(0) = ||W;/2<e>én<me)||i,)
(4.2

where W and Wn are population and sample weighting matrices.
Below, we let ﬂ’_] be the set of ] x J positive definite matrices and
make the following assumptions (Assumptions 4.1-4.3), which are
based on Condition M.2 in CHT. These conditions ensure the high-
level conditions (Assumptions 2.1-2.3).

10 Recent research in this area includes Guggenberger et al. (2008), Rosen (2008),
Andrews and Guggenberger (2009), Galichon and Henry (2009), Canay (2010),
Bugni (2010), Andrews and Soares (2010), Fan and Park (2010), Pakes et al. (2011),
Andrews and Barwick (2012), Moon and Schorfheide (2012), and Yildiz (2012)
among others.
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Assumption 4.1. Let (£2, §, P) be acomplete probability space. Let
d € N, and let ® C RY be compact and convex, with a nonempty
interior; (ii) 6 +— E(my) is continuous. W : R? — P is finite
and continuous on @, and det(W(0)) = oo if 6 ¢ O; (iii) W,

2 x RY — 9 is finite and continuous on @, uniformly in n, and

det Wn (w, 0) = 0 if 8 ¢ ® with probability 1.

Assumption 4.1 makes a continuity assumption on the popula-
tion moment function 8 — E(my) and mild regularity conditions
on the parameter space and weighting matrix so that the popula-
tion criterion function is well-defined. The next assumption then
assumes that {my} is a P-Donsker class and a uniform consistent
estimator of the weighting matrix is available. These conditions
can be satisfied by various moment functions (van der Vaart and
Wellner, 2000) and estimators of weighting matrices, e.g. Wn ) is
an estimator of the inverse of the asymptotic covariance matrix of

Eq[mg).

Assumption 4.2. (i) {my : & € @} is a P-Donsker class; (ii) WH(Q)
— W(8) = o0p(1) uniformly over &.

We further assume that the population moment function de-
creases in the interior of the identified set and increases out-
side a neighborhood of the identified set sufficiently rapidly. This
assumption is used to guarantee the existence of a polynomial mi-
norant in Assumption 2.2 and a sequence of sets @, in Assump-
tion 2.3, on which the sample criterion function degenerates.

Assumption 4.3. (i) There exist positive constants (C, M, €) such
thatforany 0 < ¢ < €andf € ©; €, max;<j< E(m;y) < —Ce, and
dy(O; ¢, 0)) < Me,where ©; € ={0 € O, :d(0,0 \ ©)) > €};
(ii) There exist positive constants (C, §) such that for any 8 € ©,
IE(my)||+ = C(d(8, ®;) A §), and a continuous Jacobian [1(0) =
VyE[mg] exists for each 8 € ©.

Finally, we assume that the identified set is in the interior of @
and that the population and sample criterion functions are convex.

Assumption 4.4. (i) The map 6 +— [|W'2(6)E(my)]|% is convex;
(i) 6 > [W,'?(0)Eq(mg) |2 is convex a.s.; (i) ©) C ©°.

Under these assumptions, the localized criterion function based
on Q, in (4.2) can be written as:

(8.0 = W20 + a/vm) kim0 |
[ W20 + 3/ /) Gty s i + Elmg sy i) ||

= W20 + 2/ M0, W) 2, (43)

where Mn (0, 1) = Gpmy,; i + T (O)A + /NE(my), Gymy =

\/H(En[mg] — E[my]) is an empirical process indexed by 6 € ©,
and 6, is a mean value which lies between 6 and 6 + A/./n. One
may then show that £,, converges to the following limit in the mode
required by Theorem 3.1:

Lo (0, 1) = WO MO, MIZ, (6,2) €360, xR, (44)

where M(0,)) = G(O) + IHO)L + ¢(0), G(-) is a Gaussian
process on ®, and ¢(f) is a vector whose jth component is such
that, forany 6 € 90, ¢j(6) = —oo when the population constraint
is slack, i.e. E(mjy) < 0, and ¢;(#) = 0 when the population
constraint binds, i.e. E(m;s) = 0. The following theorem shows
that our previously stated high-level conditions are satisfied under
Assumptions 4.1-4.4.

Theorem 4.1. Suppose Assumptions 4.1-4.4 hold. Then Assump-
tions 2.1-2.4 and B.1 are satisfied with £, in (4.4).

Theorem 3.1 then applies. Therefore, the normalized support
function Z, (-, t) converges in law to the following process:

Z(p,t) = sup sup (p, A). (4.5)

O€HP.O1) pe{n:W1/20)M(©0.2)[1% <t}

Hence, we have obtained a characterization of the limiting
distribution for the normalized support function. This has two
implications. First, the existence of the limiting distribution allows
one to employ the Wald-type methods developed in Section 3
to make inference within models defined by convex moment
inequalities. Second, (4.5) is also useful for establishing a further
connection between the support function and criterion function
approaches, which we elaborate below.

4.2. Asymptotic equivalence of Wald and QLR statistics

We use (4.5) to show that, under additional assumptions, the
Wald statistic (squared directed Hausdorff distance) and CHT'’s
QLR statistic are asymptotically equivalent. Although this requires
additional restrictions, they allow us to establish a conceptually
important connection between the two approaches. Toward this
end, we introduce additional notation to denote active and slack
moment inequalities. For each 8 € 060, let g(8) = {j €
{1,...,J} : E(mjp) = 0} be the set of indices associated with
active moment inequalities, and let J (6) be the number of elements
in g(8). Let I1g(5(0) denote the J (§) x d matrix that stacks rows of
I1(0) whose indices belong to g(6). Let G4 denote the J(6) x 1
vector of Gaussian processes that stacks components of G whose
indices belong to g(6). Finally, let Wy, denote the J(6) x J(0)
matrix that collects (i, j) elements of W (0) fori,j € 4(6).

In the current setting, the support function s(-, ®;) of the
identified set is the optimal value function of the following
problem:

sup (p,0) (4.6)
s.t. E(mjg) <0, forj=1,...,]J.

Eq. (4.5) implies that the limiting distribution of Z,(-, t) can be
studied by analyzing the following approximating problem for
eachp € S 'and 0 € H(p, ©)):

Sl;p (p, A) (4.7)

st [Wyla )Gy ©) + My @M < t.

Here, we note that the only binding constraints, i.e. j € $(0), are
relevant in (4.7). This is because the slack inequalities are dropped
because ¢;(f) = —oo foranyj ¢ §(6), and the criterion function
discards negative moments. Solving the optimization problem in
(4.7) then gives a closed form for Z(p, t). For this, we add the
following assumption to simplify the limiting distribution.

Assumption 4.5. For each 6 € 00, rank(I144)) = J(0), i.e. the
rows of the Jacobian matrices are linearly independent.

In Assumption 4.5, we assume that the gradients of the
binding moment inequalities are linearly independent at each
boundary point. This, for example, excludes the case where some
boundary point is formed by the intersection of more than d
inequalities. Using this assumption and (4.7), one can then simplify
the representation of the limiting distribution, which allows to
compare the weak limit of the Wald statistic with that of CHT’s QLR
statistic: supg, apQn(0).

Corollary 4.1 (Asymptotic Equivalence for Moment Inequalities).
Suppose Assumption 4.1-4.5 and E.1 in the Appendix hold. Suppose
W (0) satisfies Wy ) (0) = [I1g() (G)Hg(g)(e)/]*lfor eachf € 06).
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Suppose O is strictly convex. For each p € S%1, let 6;(p) € 36, be
such that H(p, ©;) = {6;(p)}.

. d
Then, (i) sup,csi-1{—Zn(p, t) + t'/2}2 — Z and supg, nQ,(6)

d
— Z, where

Z:= sup <(17f;<9,(p>>(QI(P))H;!(@(;)))(‘91(?))/)71

peSdil
2

X ITg6,() @1 ()P, G0, ) (O (P))> ;
+

(ii) Further, it holds that t{_, = ©;_,.

Corollary 4.1 shows that the Wald statistic (squared directed
Hausdorff distance) and CHT’s QLR statistic are asymptotically
equivalent in the sense that they converge in distribution to the
same limit, a continuous functional of a Gaussian process. The
second result implies the asymptotic equivalence of the Wald and
QLR confidence sets for @;. When t]_, = 7, fora € (0, 1/2),

Theorem 3.3 implies that for all t € [0, r{‘,a),”

dy (@m(t), én(r;[a)) — op(n2).

This means that the Wald confidence set, which is an expansion
of the set estimator is asymptotically equivalent to the QLR
confidence set, a level set using an asymptotic quantile of the QLR
statistic as a level.

Remark 4.1. Corollary 4.1 can be viewed as a generalization, to
the convex moment inequality models, of Theorem 3.1 in BM who
establish an asymptotic equivalence of Wald and QLR statistics
for models in which the identified set for a scalar parameter 6 is
defined by two moment inequalities E(X;) < 6 < E(X;).BMusean
estimator ®, based on the average of set-valued random variables,
which is not necessarily a level-set estimator in general. However,
in this special case, BM's estimator can be shown to coincide
with the set of minimizers of the criterion function Q,(0) =
(E",,[Xli] - 0)1 + @ — E"n[Xz,-])2 ; this therefore becomes a level-
set estimator with t = 0. Hence, the “exact” equivalence of our
Wald statisEic W, = /ndy(O, @n(O)) and BM’s Wald statistic
W, = /ndy (6, @) holds. Corollary 4.1 then implies that our
Wald statistic, CHT’s QLR statistic and BM’s Wald statistic are all
asymptotically equivalent in this special case.

5. Monte carlo experiments

We use Example 1 to examine the performance of our inference
procedure. Let Z; = (Zy;, Z».;)’ where Z;; = 1 and Z, ; is uniformly
distributed on a set of K equally spaced points on [—5, 5]. For
6o = (1, 2)’ we generate:

Yi=Zi,90+6i i=l,...,n, (51)
where ¢; is a standard normal random variable independent of
Z;. We then create upper and lower bounds (Y ;, Yy ;) such that
Yii <Y <VYy;by:

Yi=Y,—C—-Vz? i=1,...,n

Yyi=Yi+C+Viz? i=1,...,n, (5.2)

where C = 1 and V; is uniformly distributed on [0, 0.2] indepen-
dently of (Y;, Z;). Using the notation introduced in Section 2.3, one

11 Theorem 3.3 is applicable with G, k(t) = Cypk(t). This is because, for o €
(0, 1/2), the continuity of the limiting distribution Z follows from Theorem 11.1 in
Davydov et al. (1998).

may then define a sample criterion function as follows (see also
(3.7) and subsequent discussions):

2K
Q®) = Y b, (a0 — FBalm(0)]) . (53)
k=1
For x € R, we use the criterion function Zii 1 () 1 to aggre-
gate binding moments instead of ||x||?F used in Section 4.1. This is
to make a comparison to the bootstrap procedure by Bugni (2010)
who uses this criterion function. Given a level set estimator én (t)
of the sample criterion function in (3.7), the Wald-statistic is de-
fined by T;” := sup,egi-1 {V/n(s(p, (:)n(t)) —5s(p, ©))}+. The Wald
approach obtains a confidence set by expanding the set estimator
©,(t) by the amount En.b.1—a (t)/+/n computed by subsampling the
Wald statistic. The QLR statistic is defined by S, = supg, Qu(60).
The QLR approach constructs a confidence set by taking a level set
(:)n(%n,bj,a), where the right level 7, , 1, is computed by resam-
pling the QLR statistic (Chernozhukov et al., 2007; Bugni, 2010).
We report the coverage probabilities of the following four
confidence sets. The first confidence set Cwayq is a Wald-type

confidence set defined as in (3.14) with t = ln(ln(n))% and § = 0.
The second confidence set Cy, is defined in the same manner
but uses Algorithm 3.2 to update the initial level. Ccyr-sup is CHT’s
confidence set with a subsampling critical value, and Ccyr_goot iS
also a CHT-type confidence set with a critical value computed by
a bootstrap procedure proposed by Bugni (2010). Details on the
implementation of these procedures are discussed in Appendix F.

Tables 1 and 2 report the results of the Monte Carlo
experiments. Table 1 shows the coverage probabilities of the
four confidence sets, and Table 2 reports the median of the
Hausdorff distances between the identified set and each of the
four confidence sets. For the first three confidence sets, we report
the results under three different values of subsamples: (e.g. b =
100, 150, 200 for n = 1000). For the last confidence set Ccur-goot,
the procedure requires a tuning parameter x,, which is used
to select moments that are relevant for the calculation of the
critical value. We set this parameter to three different values:
In(In(n))2, In(n)?, and n"/3.

For n = 1000, the coverage probability of Wald confidence
set Cwaiq tends to be slightly under the nominal level 0.95, but
the size distortion is limited (0.1-4%) across all values of K. The
size distortion, however, tends to become larger (2.1-5.3%) with
a smaller sample size: n = 500. The coverage probability of Cyeer
is higher than that of Cw,q and has a better size control property
although it is fairly conservative under some choice of subsample
sizes. This can also be seen from Table 2, which shows that the
median Hausdorff loss of Gy, is larger than that of Cwayqg. One
thing to note is that when the number of moment inequalities is
large (30 inequalities), Cwaq tends to be quite conservative for
some subsample sizes (e.g. b = 100, 150 with n = 500). This
indicates that the asymptotic approximation with a subsampling
critical value may not provide a good approximation to the finite
sample distribution when the number of inequalities is large.

The coverage probabilities of the CHT confidence sets vary
with subsample sizes. Ccyr_sup has size distortion in some settings
(e.g. K = 5). As pointed out by Bugni (2010), a better size control
is achieved by using a suitable bootstrap procedure. The coverage
probability of Ccur.peor controls the size across all values of K,
which therefore shows the uniform validity of the procedure. The
result is also robust over the set of values of tuning parameters,
while in some cases the procedure is conservative. Overall, the size
of Wald confidence set Cwayq is not as good as the CHT’s confidence
set with a suitable bootstrap procedure. The confidence set Cjer
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Table 1
The coverage probabilities of confidence sets.
n = 1000 n =500
K=5 K=9 K=15 K=5 K=9 K =15
Cwald b =100 0.935 0.949 1.000 b=175 0.927 0.954 1.000
b =150 0.927 0.936 0.941 b =100 0.916 0.929 1.000
b =200 0.922 0.922 0910 b = 150 0.897 0.902 0.904
Citer b =100 0.938 0.962 1.000 b=75 0.982 0.991 1.000
b =150 0.980 0.982 0.985 b =100 0.992 0.991 1.000
b =200 0.994 0.991 0.989 b =150 0.998 0.996 0.998
CCHT-Sub b =100 0.760 0.866 1.000 b=75 0.893 0.983 1.000
b =150 0.850 0.879 0.965 b =100 0.912 0.970 1.000
b =200 0.877 0.899 0.950 b =150 0.932 0.969 0.992
CCHT-Boot Kn = ln(ln(n))% 0.990 0.994 0.998 kn = In(In(n)) 3 0.994 0.999 0.999
Kn = ln(n)% 0.995 0.996 0.998 Kn = ln(n)zl 0.997 0.999 0.999
Kn = ns 0.995 0.996 0.998 Kn = ns 0.996 0.999 0.999
Table 2
The median Hausdorff loss of confidence sets.
n = 1000 n =500
K=5 K=9 K =15 K=5 K=9 K =15
Cwald b =100 0.186 0.268 0.986 b=75 0.262 0.382 1.841
b =150 0.183 0.259 0.313 b =100 0.257 0.353 2.039
b =200 0.180 0.252 0.293 b =150 0.247 0.332 0.391
Clter b =100 0.187 0.278 1.781 b=75 0.321 0.472 1.941
b =150 0.217 0.302 0.377 b =100 0.359 0.479 2.658
b =200 0.248 0.330 0.397 b = 150 0.416 0.523 0.647
CCHT-Sub b =100 0.196 0.260 0.426 b=75 0.321 0.429 0.857
b =150 0.222 0.263 0.290 b =100 0.333 0.399 0.640
b =200 0.234 0.270 0.279 b =150 0.352 0.397 0.423
CCHT-Boot kn = In(In(n)) '/ 0.331 0.340 0.292 kn = In(In(n)) '/ 0.490 0.449 0.386
kn = In(n)"/? 0.351 0.352 0.303 Ky = In(n)'/? 0.527 0.471 0.406
kn =n'"/8 0.345 0.350 0.301 n =n/8 0514 0.465 0.400

Note: For Wald-type confidence sets (Cwaia, Crer) and CHT's confidence set with a subsampling critical value (Ccyr_sup), the table reports
coverage probabilities and median Hausdorff losses under different subsample sizes. For CHT’s confidence set with a bootstrap critical
value (Cchr-oot ), the table reports results under different values of «,, used for moment selection.

with the iterative algorithm has a better size control property than
Cwald, but it is conservative in some settings.

6. Conclusion

This paper introduces a framework for partially identified
econometric models that unifies two general approaches recently
proposed in the literature: the criterion function approach and the
support function approach. We consider the general case where
the convex identified set @, is the set of minimizers of a criterion
function, estimated as an appropriate level set of a sample criterion
function, following CHT, and represented as a support function, as
in BM. Our main duality result shows that the support function
of CHT’s level set estimator converges to a well-defined limit
when a localized criterion function converges in a suitable manner.
This yields Wald-type inference methods based on the estimated
support function for general models whose identified sets can
be characterized as the set of minimizers of convex criterion
functions, which therefore allow to study examples that do not
belong to the models studied by BM and Bontemps et al. (2012).

We highlight the duality result within the class of moment
inequality models by establishing the asymptotic equivalence of
our Wald statistic and CHT’s QLR statistic. We further show that
this implies the asymptotic equivalence of the Wald confidence set
and CHT’s confidence set. For inference on the identified set and
points inside it, we propose a general subsampling procedure. This
procedure is valid pointwise, as we derive our results under a fixed

probability measure. Establishing the uniform asymptotic validity
of subsampling is important for partially identified models and is
one of our future tasks.
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Supplemental Appendix

In this supplemental appendix, we include additional condi-
tions and the proofs of the results stated in the main text. The
contents of the supplemental appendix are organized as follows.
Appendix A collects notation and definitions used throughout
the appendix. Appendix B gives the local process regularity, and
Appendix C contains the proof of Theorem 3.1 and auxiliary lem-
mas. Appendix D contains the proof of Theorems 3.2-3.4, Corol-
lary 3.2, and auxiliary lemmas. Appendix E contains the proof of
Theorem 4.1, Corollaries 4.1 and E.1. Appendix F collects details on
the Monte Carlo experiments.
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Appendix A. Notation and Definitions

The following is a list of notations and definitions used
throughout the appendix.

£, . Localized criterion function defined as
(0, 2) = 0,Qu(0 + 2/ay"").
ls : Limit of £, in the mode of Assumption B.1(ii).

Age : Thelevelset Ag, = (A € RY: £o0(0, 1) < t}.

H(p, ©)) The support set
H(p,O) ={0:(p,0) =s(p,O)}N 6.
Kup, K2, The half spaces K, , == {x € R? : (p, x) > u}
andKg, = {x € R: (p. x) > u}.
Rup. Ry, The setsR, , = H(p, ©;) x K, p and
RS, =H(p, Op) x KZ,,.
Riup, R‘,’,,u‘p : ThesetsR,up, ={(0,1):60 eH(@p, O, e

Kup Nay” (© — 6))
andR? ~={@,1):0 € H(p, O, 1 €

n,u,p
K2, Na)” (© — ).
g(0) : The set of indices associated with binding
moment inequalities at 6 € ©.
J(@) : The number of elements in (6).

g The J(0) x d matrix that stacks rows of I7(6)
whose indices belong to g(0).

Gy) The J(0) x 1 vector that stacks components of
G whose indices belong to (6).

Wy ) J(0) x J(6) matrix that collects (i, j) elements

of W(9) fori,j € $(0).

Appendix B. Local process regularity

In this Appendix, we first give additional regularity conditions
on the local criterion function used to prove Theorem 3.1.

Assumption B.1 (Local Process Regularity). (i) For any € > 0 and
(u,p) € R x §471,

P<| inf £,(0, 1) — inf £,(0, 1) > e) <e
Rn.u,p RU,P

for n sufficiently large, where R,, = H(p, ®;) x Kyp. (ii) £,
converges to a convex lower semicontinuous function ¢, in the

following sense; for any (u;, pj),j=1,..., m
liminfP( inf €,(0,A) > t,..., inf £,(60,)) > t)
n—00 R”]vﬂ] Um,pm
>P(inf € (0,A) >t,..., inf €5(0,)) >t) (B.1)
Ruy.pq Rum.pm
limsupP( inf £,(60,A) >¢t,..., inf £,(0,1) >1t)
n— o0 ﬂ],pl ﬂmvpm
<P(inf €y (0,A) >t,..., inf €,(0,1) >1t), (B.2)
3‘lvpl zmva
where Rzyp = H(p, ) x Klj’yp, and Kff,p = {A: (p, A) > u}.(iii)

For each (u, p) € R x S, £,,(0, -) achieves its minimum on Rup.
Foreacht € Ry andp € S%77, the set Ag, = {A : £oo(0, 1) < t}
satisfies supgepp, o, S0, Ag.r) < 00.

Assumption B.1(i) requires the sequence of sets R ,, , to converge
to a limit R, . This is satisfied, for example, if the identified set is
in the interior of the parameter space. Assumption B.1(ii) gives the
precise notion of convergence required for ¢,, which adapts the
concept of weak epiconvergence in Knight (1999) and Molchanov
(2005). This assumption is satisfied, for example, if the infimum
of £, and £, over R, , is approximated by its infimum over some

compact subset Ry, C Ry, and inf £, converges weakly to

infku_,, £ . Details on the relationship between Assumption B.1(ii)
and other convergence concepts are discussed in the online
addendum. Assumption B.1(iii) requires £,’s minimumon R, , and
(p, 6)’s maximum over A;  to be well-defined.

Appendix C. Proof of Theorem 3.1

In this Appendix, we establish Theorem 3.1 in multiple steps,
which we outline below.

Step 1: We first establish a duality relation between the
support function s(-, @,) and the sample criterion function Q,
(LemmaC.1). =

Step 2: Using Lemma C.1, we then show that the finite-
dimensional limit of the normalized support function Z,(p, t) =
a:,/y (s(p, @n) — s(p, ©)) can be related to that of infi ;)exr, , £n
@,)) (LemmacC2). =

Step 3: In Lemma C.3, we further show that the finite-dimensional
distribution of the limiting localized function infg )eg, , €00 (0, A)
can be related to that of the limiting process Z(p,t). W

Step 4: Combining Steps 2-3, we then show Z,(-, t) converges

weakly in finite dimension to Z(-, t). We further strengthen this
convergence to weak convergence in €(SY"!) usingLemmaC4. W

Lemma C.1 (Duality 1). Suppose that Assumption 2.1 holds. Let n €
Nandt € R, be given. Then, foranyu € Randp € S*!

s(p, On(t)) <u< inf a,Q,(0) >t (C.1)
0Ky pNO

s(p. On() <u= inf a,Q,(0) >t (€2)
OeKg ,NO

with probability 1, where K, p, is the half space K, , = {6 € RY :
(p,6) = u).

Proof of Lemma C.1. The equivalence (C.1) holds trivially when
Kyp N ® = ¢ because then the half space {6 < RY : (p,0) <
u} contains ® and hence also contains @n(t), which in turn
implies that s(p, (:)n(t)) < u must be true. Further, the statement
infyep a,Q,(6) = oo > t is always true. Hence (C.1) holds. Below,
we assume K, , N ® # @. 1t then follows that

s(p, On(t)) <u < (p,0) <u, VO € Ont)
& On(t) € O\ Ky
& KipNO SO\ Ot

& a,Q,(0) >t, V9ekK,,NO
< inf  a,Q,(0) > t, (C3)
0Ky pNO

where the first equivalence holds because sufficiency is immediate
from s(p, ©n(t)) = Supyp, (P> 0), and the necessity follows

from the maximum being achieved on @n(t) by compactness of
O, (t) ensured by Assumption 2.1. Similarly, the last equivalence
follows from Q, being lower semicontinuous with probability 1
and K, , N ® being a nonempty compact set.

Similarly, (C.2) holds trivially when Ki , N © = {. Assuming
K3, N ©® # (¥ and arguing as in (C.3), it follows that

s(p, On(1) < u & a,Q(0) > t,

Since t is a lower bound for the set {a,Q,(0) : 0 € Kt?,p n e},
the right hand side of (C.4) implies infgngipm(.) a,Q,(0) > t.Hence,
(C.2) holds. This establishes the claim of the lemma. W

Vo e K2, N 6. (C4)
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Lemma C.2 (Duality 2). Suppose that Assumptions 2.1 and B.1(i)
hold. Let t € R be given. Then, for any finite m-tuple {(u;, p;) €

R x Sd’1}j”;1,

liminfP(Z,(p1,t) < u1, ..., Zp(Pm, t) < Up)
n—oo

zlimian( inf  €,0,%) >¢,..., inf e"(e,x)>t)
n— 00 (&MERul,pl (0.2 €Rupy . pm
(C5)
limsup P(Zn(p1. t) < up, ..., Zo(Pm, 1) < Up)
n—oo
§1imsupP< inf  €,6,2) >t ..., inf En(G,A)Zt>.
nsoo  MOMERY ) ©.2)€R pm

(C.6)

Proof of Lemma C.2. We first note that the following equivalence
relations hold:

Zn(p, 1) < u & s(p, On(t)) < s, O)) +u/ay”
inf a,Q,(8) >t
0'ek 1y NO
s(p,@p+u/ay’ " p
& inf
0eH(p,0)), 1Ky pnay’Y (9—-0)

a,Qu(0 4+ A/aly > ¢, (C.7)

where the second equivalence follows from Lemma C.1, and the
third equivalence follows from the following equality

Kew.ontusallr N @

={0+1/a) 10 €eHp, O, reKy,Nalv(@© —0)}. (C8)

We show (C.8). First, suppose 8 € H(p, ®;) and A € Ku,pﬂa,l/”(@—
6). Then,

(p.0+1/al”) = (p.0) + ;7 (p. 1) = s(p. ©)) + u/a))?,

where the last inequality follows from 6 € H(p, ;) and A € K, p.
Further, & + A/ay” € © because A € a)?(® — 6). Hence,

0+ r/a)? e K. popsusal? p N O This establishes that the set
on the right hand side of (C.8) is a subset of Ks(pq@’)ﬂ/a;/y.p N e.
) N @ and pick any

. . ,
For the reverse inclusion, let 0’ e I(S(p.@l)_’_u/arll/y’
6 € H(p, ©;). We then let 1. := a;/y (6’ — 0). By construction, we

have A € a/” (© — ). Further,

(. A) = (p,a/? (O —0)) =al”((p,0') — (p,6))
> a7 (s(p, ©)) + u/al’” —s(p, ) = u,

. . , .
where the inequality follows from 6’ € Ks(p‘ onu/al” n e.

Therefore, the reverse inclusion holds. This in turn establishes
(C.8).

Now, by (C.7) and the definition of ¢, and R, ,, we obtain
Zy(p,t) < u & infg,,, £.(0,A) > t. Since this holds for any
finite m-tuple {(y;, pj)}i,, it follows that

=1
P(zn(pls t) <uUg,..., Zn(Pm, t) < um)
- P( inf €,(0,%) > t,..., inf £,(0,2) > t). (C9)
Rn,ul,pl Rn,um.pm

Note that, for any € > 0, we have

P( inf £,(0,%) > t+e, ..., inf ZH(G,A)>t+6)
Uu1,p1 Um,pm
sP(max inf £,(6, %) — inf £,(6, 1) ze)
1<j<m R“j-Pj n,uj.pj

+p( inf €,(0.%) > t,.... inf z,,(e,x)>t), (C.10)

Rn.u1,p1 Rn,um.pm

where we used the fact that, for any random vectors Y,,, X;, : 2 —
R™, an open set G C R™, and its e-contraction G™¢ = {x € G :
o(x,G) > €},wehave P(Y, € G ) < P(p(Xn, Yn) =€)+ P(X, €
G). Specifically, we used the metric p(X,, Y;) = maxi<j<m |Xjn —
Y; n| and the open set G = (t, co)™. Assumption B.1(i) ensures that
the first term on the right hand side of (C.10) becomes arbitrarily
small as n gets large. Therefore,

limian( inf €,(0,%) > t+e¢,..., inf £,(0,2) > t+e)

n—00 R”1~P1 Um,pm

51imian< inf €,0.0) >t ...

n—o0o R”v“lvl’l

inf £,(0.1) > t).

Rn,um.pm

(C.11)

Since ¢ is arbitrary, (C.5) then follows from (C.9) and (C.11).

Similarly, by Lemma C.1 and an argument as in (C.7), it follows
that Z,(p,t) < u = i“fRﬁ,u,p £,(0, 1) > t. Since this holds for any
finite m-tuple {(u;, pj)}jr"=1, we have

P(zn(pls t) < Ug, ..., zn(pnh t) =< um)

51)( inf £,(0,2) >¢t, ..., inf zn(e,x)zt).
R?l,ul,pl g,um,pm
(€12)
Note that, for any € > 0, we have
P( inf £,0,2) >¢t,.... inf zn(e,,\)zt)
Rg-”Lm Rgvumﬁpm
§P(max inf £,(6,%) — inf £,(6, %) ze)
I=j=m | RY. o RS i pi
k] ALY
+P( inf £,(0,3) > t—e,.... inf £,(6,2) Zt—e),
g]ﬂ] mepm
(C.13)

where we used the fact that, for any random vectors Y, X;, : 2 —
R™, a closed set F C R™, and its e-expansion F¢ := {x € F :
px, F) < €},wehaveP(Y, € F) < P(p(Xn, Yn) > €)+P(X, € F°).
By Assumption B.1(i),

limsupP(Oinf GO, 1) = ..., inf En(O,A)zt)

n—oo Rn.u] P1 n.Um.pPm

§limsupP<§nf @, 1) =t —e,..., inf £,(0.%) zt—e).

n—o0 uq,p1 Um.Pm

(C.14)

Since € is arbitrary, (C.6) then follows from (C.12) and (C.14). This
completes the proof. ®

Lemma C.3. Suppose Assumption B.1 holds. Let t € Ry be given.

Then, for any finite m-tuple {(u;, p;) € R x Sdil}j’ll,
P(2(1,0) < ur, ... Zn, ) < un)
sP( inf £ (@A) >t,..., inf ZOO(Q,A)>t)
(0,2)€Ruy g (0.2 Ry, pm
(C.15)
P(2(p1,0) S ur, - 20 0) < )
zP( inf £ (@A) >t....., inf zm(e,x)zt).
(0.1)€Ry, p, (0,2 €RY pm
(C.16)

Proof of Lemma C.3. Let p € S%"1. We first note that SUPgen(p,0))
s(p, Ap.t) < oo by Assumption B.1(iii). Arguing as in (C.3), we then
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obtain

sup s(p, Ag) <Uu
0€H(p,0))

= (p,A) <u, VO eH(p O)andr € Ay,
& Apy SR\ K,,, VO €H(@D, 0O
& Kyp SR\ Agy, VO €H(p, O))

& loo(@,A) >t, YO eH(p,O)andr € K,
& inf  £,(0,A) > t, (C17)
(0.,2)€Rup

where the last equivalence follows from Assumption B.1(iii). Since
this holds for any finite m-tuple {(u;, pj)),j = 1,...,m}, (C.15)
holds.

Let A, :=={A € R!: £5s(, 1) < t}. We then have

inf  £(0,A) >t

0.)€RS, p,
= L0, 1) 2 t,
& A, SRIN\KS

VO € H(p, ©)and 1 € K¢,

vy VO €H(p, O))
= s(p, Apr) <u, V6 eH(p, O

= sup s(p, Agr) < U, (C.18)

6€H(p.0p)

where the second equivalence follows from the definition of A ,,
the second implication follows because Rd\KL?p ={A:{(p,A) <u}
is closed hence contains Ay = cl(Aj,), implying Ay ;’s support
function being weakly dominated by u. Since this holds for any
finite m-tuple {(y;, pj),j=1,...,m},(C.16) holds. =

Lemma C4. Let E be a compact set in a metric space. Let h
[0, 0) — [0, 00) be a function such that h(0) = 0 and h is
continuous at 0. There is B, such that B, = 0,(1). If for allx,y €
E, [&:(x) — &I = Bah(llx — yll), then {&,} is stochastically
equicontinuous.

Proof of Lemma C.4. The result immediately follows from As-
sumption 3A and Corollary 2.2 in Newey (1991). =

Proof of Theorem 3.1. By Assumption B.1(ii), Lemmas C.2 and C.3,
it follows that, for any {(u;, pp)}Z;,

liminfP(Z,(p1,t) < uq,..., Zy(Pm, t) < Upm)
n—oo

> lim ian(( inf

n— o0 0. 1)€Ruy pq

loo(@,A) > t, ..., inf

(0,2)E€Rum pm

(0,0 >¢,..., inf

JA)€Rum pm

00, 1) > t)

020, %) > t)

> P( inf

(6,2 €Ruy,pq

> P(Z(p1, £) <. ZPmi £) < um). (C.19)

Similarly, by Assumption B.1(ii), Lemmas C.2 and C.3, it follows
that

limsup P(Z,(p1,t) < uy,..

n—o00

. Zn(pm’ t) S um)

< lim sup P( inf

n—o0 (Q,K)ERﬂlypl

(0, 2) >¢,..., inf
(6.2)€R?,

Um.pm

L0, 1) > r)

a0, 2) = ¢)

< P( inf
O )R, py

eoo(e,)\) >t,..., inf
(O,K)ERﬁmypm

< P(Z(pl, ) <ty ... Z@m £) < um). (C.20)

By (C.19) and (C.20), it follows that for any continuity point
(ulv M) um) Of (Z(plv t)» ] Z(pma t))/v

limsup P(Z,(p1,t) < U1, ..., Za(Pm, t) < Upm)
n—-oo
E P(Z(plvt) E U], "-7Z(pm7t) E um)
:P(Z(plvt) < uyg, ...,Z(pm,t) < um)

< liminfP(Z,(p1,t) < u1,..., Zy(Pm, t) < Upy)
n—oo

= lLrE(i)ng(Zn(pl»t) Su, e, Zp(Pms t) < Up). (C21)
Since liminf,_, oo P(Z,(p1,t) < u1,...,Zy(Pm,t) < Up) <
limsup,_, o P(Z,(p1,t) < uq,..., Zn(pm, t) < uy) always holds,
(C.21) ensures that lim,_, o P(Z,(p1,t) < u1,...,Zn(Pm,t) <
un) = P(Z(p1,t) < uq,...,Z({Pm,t) < uy) at any continuity
point (uq, ..., uy) of (Z(py,t),..., Z(pm,t)) . Therefore Z,(-, t)
converges weakly in finite dimension to Z(-, t). This establishes (i).

For (ii), it then suffices to show the tightness of Z, (-, t). We now
show the required conditions for Lemma C.4 using an expansion
of the support function. In the following, we extend s(-, ®;) and
s(-, (:)n) from S%~! to RY. Under our assumptions, &, is a compact
convex set, and (:)n(t) is a compact convex set almost surely. This
ensures that p — s(p, @) is convex, and p — s(p, @n(t)) is
convex a.s. Now, take an open convex set O such that S*! ¢ 0.
Let p, g € S% 1. Then, by Theorem 10.48 in Rockafellar and Wets
(2005), for some p, and p on the line segment that connects p and
q, there exist v, € 3s(py, @n (t)) and w € 3s(p, @) such that

s(p, On(t)) — 5(q, On(t)) = (Dn, p — q) (C22)
s(p, ©)) —s(q, ©) = (w,p —q). (C.23)

Subtracting (C.23) from (C.22) and multiplying both sides by a,ll/ Y
yields

Zn(p, ©) = Zu(g, ) = a,/7 (B — w,p — q).
Note that, under Assumption 2.2-2.3, CHT’s Theorems 3.2 and
1.1.12 in Li et al. (2002) imply Z,(p, t) = 0,(1) forany p € S*'.
Therefore a;/y(f)n —w,p—q) = Zy(p, t) — Zy(q, t) = 0,(1) for
any p, q € S% 1. Since this holds for any p and g, each component
of ay/” (¥, — w) must be 0,(1). Therefore, ay/” ||, — w|| = 0,(1).
Applying the Cauchy-Schwarz inequality to (C.24), we obtain

1Za(p, t) — Zu(q, )] < al/? |Dn — wlllp — ql.

(C.24)

Now, we apply Lemma C4 with B, = a,]1/y||f1n — w]| and
h(x) = «x. This ensures that {Z,(-,t),n > 1} is stochastically
equicontinuous. Thus, {Z,(-, t),n > 1} is tight. Note that a tight
sequence that is weakly converging in finite dimension weakly
converges in the uniform metric (van der Vaart and Wellner, 2000).

Thus, we obtain Z,(-, t) v Z(-, t). The weak convergence of
the Hausdorff distances then follow from (2.7) and the continuous
mapping theorem. W

Appendix D. Proof of Theorems 3.2-3.4 and Corollaries 3.1-3.2

In this section, we give the proof of Theorems 3.2-3.4,
Corollaries 3.1-3.2 and auxiliary lemmas. Theorem 3.4 is proved
using a functional §-method for directionally differentiable
functionals. For this, we need a suitable differentiability concept
of the map s(-, &) > suppcge-1(p, Go) — s(p, ;). The following
definition is based on Shapiro (1991).

Definition D.1. Let X and ¥ be normed vector spaces. Amap g :
X — Y issaid to be Hadamard directionally differentiable at p if for
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every sequence {t,} of positive numbers converging to 0 and any
sequence {x,} converging to x, the limit

() = lim g + taxn) — g(1) (D.1)

n—oo th

exists. If g is linear in x, then g is said to be Hadamard differentiable
at .

Proof of Theorem 3.2. For each t € R, and p € S$%7, let

Zﬁ_byk(t) = l/y[s(p, Onpr(t)) — s(p, ©p)]. For each x € R and
t € Ry, let
Nnb
Uns (. 1) = N, | Z {sup 7z 0.0 <. (D2)
—1 pe¥o

Let €,8 > 0, and let K be the Lipschitz constant of 7". Suppose
that sup,cy, T (Znox(p. 1) < % 6,7 dy(On(t), ©)) < €/2K,

dy (Fn, Wo) < 8, and supy, <5 [Znpk(@. ) — ZnprP, D] <
€/2K. Then, it follows that

Sup 1 (Znp k(P ) — SUP Y(Z 1P t))‘

pedy

sup 1" (Znpk(p, t)) — Sup ¥ (Zpp.k (P, t))‘

pell/n PE¥)

+

sup 7 (Zup.1(p, t)) — sup T (Z;,
pe¥o pevy

b,k(P, t))‘

sup Y (Znpk(p, t)) — sup Y (Zu b k(p, f))’

pely pe¥o

+ sup [T (Znp(p, 1) — T(Z, (P, D).
pegd—]

(D.3)

Let p, € arg max,j, 7' (Znbk(p, t)), which is well defined by

the compactness of ¥, and the continuity of the map p +—
Y (Znbk(p, t)). Let [Ty, p, be the projection of p, on ¥, and note

that [|p, — MyyPnll < du (¥, W) < 8. We then obtain,

sup ¥ (Zn,bk(p, t)) — sup Y (Znpk(p, t))

pedy pedn

< T(zn,b,k(ﬁm t)) - T(zn,b,k(nllfgﬁny t))

< sup [T (Znpk(. ) — V(Znpi@', ). (D.4)
Ip—p'll<é
A similar argument gives
Sup 1" (Znp k(P t)) — SUp T (Znp.k(p, 1))
pe¥p pedn
< sup [T (Znpk(, ) — V(Znpi@', ). (D.5)
Ip—p'll<é
(D.4) and (D.5) then imply
sup ¥ (Znb k(. £)) — sup ¥ (Zy p (P, t))
pelf/n pe¥p
< sup [T (Znpi(P: 1) — T (Znpi@', 1))
Ip—p'll<é
€
<K sup |Zppi(@,t) — Znpi@' ) < =, (D.6)
lp—p'll<s 2

by the Lipschitz continuity of 7 and the hypothesis. Further-
more, the Lipschitz continuity of 7 and the hypothesis that

a;/de(@n(t), @) < €/2K ensure

sup |1 (Znp (P, 1)) — T (Z kP, )]
peSdil

b A~
<K sup a)’Is(p, Ou()) — s(p, O))] <
pESd_l

Combining Egs. (D.3)-(D.7) yields | SUP,c g, Y (Znpi(p,t)) —
SUPpey, ¥ (Z5 (0, )| < €. Therefore, we have sup,cy, T(Z;
(p, t)) < x + €. Now define the following event:

En,b(ts €, 6) =

. (D.7)

N ™

[a) € 210 dy(On(t), @) < €/2K,
dy (n, Wo) < 6,

SUP |Zup (P, ©) = Zupk(p. O] < €/2K ). (D)
lp—p'lI<s

The arguments above ensure that the following inequality holds:

Fn,b(xa t) lEn_b([,e,zS) < Un,b(x + €, t)-

Now, suppose on the other hand that sup,cy, 7' (Z; , (D, ) <
x —eand thatw € E, 5 (t, €, §). Then, using the same argument as
above, it is straightforward to show that

(D.9)

sup T(Zn b, k(p, t)) — sup T(Zn b, k(p» )| <e.
pedy pe¥p

(D.10)

Hence, we have SUp,cg, Y (Znbk(p, t)) < x. Therefore, we obtain
the following inequality:

Unp (X — €, ) 1g, e < Fp(x, 1, y(t.e.8)- (D.11)
By CHT’s Theorem 3.1 (1), the assumption that dH(lf/n, o) = 0p(1),
and the stochastic equicontinuity of {Z,  x(-, t)}, (D.9) and (D.11)
hold for any €, 6 > 0 and P(E,(t,€,6)) — lasn — oo and
b — oo. Hence, for any € > 0, we have

(D.12)

with probability tending to 1. Now it is straightforward to show
Unp(X—e€, t) = F(x, t)+0,(1) for each continuity pointx of F(-, t)
by an argument similar to the proof of Theorem 2.2.1 (i) in Politis
et al. (1999). Therefore,

Unp(X — €, t) < Fyp(x, t) < Unp(X + €, t),

F(x—e€,t) —e < Fyp(x, t) < F(x+€,t) +e,

with probability tending to 1 for any ¢ > 0. Now, lete | 0 so
that x & € are continuity points of F~ (-, P). Then, the conclusion
follows. =

Proof of Corollary 3.1. (i) Let I:"n_’ (-,t) be the empirical cdf
of T,”(t). Similarly, for each ¢, let F~(.,t) be the cdf of
SUPpesi-1{—Z(p, )}1. Let T(x) = {—x}; and ¥ = ¥, = s,
By Theorem 3.2, it follows that F;”(x,t) — F~ (x,t) = 0,(1) at
every continuity point of F~ (-, t).

Note that the map x +— F~ (x, t) is right continuous with a left
limit. Hence, for any € > 0, there is n. > 0 such that

|F_>(X, t) - F_)(Cl_:a(t)v t)' <E,
Vx € (617, (1), 74 (0) + 1) (D.13)
[F7(x,t)—Ll <€, Vxe(cZ,(t)—ne, ci_, (1), (D.14)

where L = limcmja(t) F~(c, t) is the left limit of F~ at ¢~ (¢).
Hence, there are continuity points cg, c; of F~ (-, t) such that ¢; <
€12, (£) < co. Below, we take ¢ and ¢q such that ¢co — ¢y = §, where
8 is the constant specified in the corollary. By ¢; < ¢”, (f), it must
be the case that

F7 (1, t) <1—a, (D.15)
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because otherwise we must have ¢c; > ¢ (t) by ¢~ (t) being
the infimum of ¢ such that F~”(c,t) > 1 — «. Since ¢y is a
continuity point of F~ (-, t) and I:'n_’ (x,t) — F7(x,t) = op(1) at
each continuity point of F~ (-, t), it then follows that

Fo(ct)<1—a, wp— 1. (D.16)
This in turn implies

a <inflc eR:F7(c,t) 2 1—a} =8, (), wp— 1.

(D.17)
For each n, let A, be defined by
A ={weR:c < o)}
={weR:c <40+, (D.18)

where the second equality follows from ¢; = cg—38. Now note that:
P(T,” (6) > & 1_q (1) +8)
<P{T,” (t) > é,fb,l_a(t) + 38} NAy) + P(A)

< P(T,” (t) > co) + P(A}). (D.19)

Then, we obtain

limsup P(T,” (t) > €} 1o (O) +8)

n—oo

< limsup P(T,” (t) > co) + limsup P(A7)

n—o0o n—oo

< limsup P(T,” (t) > cp) + lim sup P(A})

n—o0o n—o0o

Zp (sup{—zm O}y > Co)

pes!

2p [ sup{—z@, 0} > co | =1—F (co, 1)
pes!

<1—-F( ,®.t) <a (D.20)
where (1) follows from T, (t) 4 sup,est{—Z(p, t)}+ and
P(A;,) — 0by (D.17)-(D.18). Equality (2) follows from cy being a
continuity point of F~ (-, t), and the rest follows from ¢y > ¢~ (t)
and the definition of ¢~ (¢).

Part (ii) follows from the fact that T,” (t) = suppesi{—2Zn(p, t)+

a,:/y (s(p, ®g) — s(p, ON)}+ 2 o0 under a fixed alternative and
that Cpp1-o(t) = 0p(1). W

We use the following two lemmas (Lemmas D.1 and D.2) to
show Theorem 3.3.

Lemma D.1. Suppose the conditions of Theorem 3.1 are satisfied.
Then, forany0 <t <t' <t}

0=c7,(tF ) <, (t) <7, ) <ci2,(0). (D.21)
Proof of Lemma D.1. First, ¢;” ,(t;_,) = 0 follows from the
definition of tf_,. For the conclusion of the lemma, it suffices to
show that P (sup,cga-1{—Z(p, t)}+ < x) is non-decreasing in t for
each x. As this is a distributional property of the process Z(p, t), it
suffices to show that the statement above holds for the following
representation:
—Z(p,t) =— sup sup

O€H (p,Op) Lelhiboo (B,0) <t}
As {A @ Loo(@,1) < t} C {A : £o(@,)) < t'}forany 0 <
t <t/ <tf ,andforeachp € §4-1, —Z(p, t) is non-increasing
in ¢. This implies that sup,cga-1{—Z(p, t)} is non-increasing in t
for any w. Thus, P (sup,cge-1{—Z(p, t)}+ < x) is non-decreasing in
te[0,t]_,lforeachx. m

(p, A). (D.22)

Lemma D.2. Suppose the conditions of Theorem 3.3 hold. Then, for
anya € (0,1)and 0 <t < t' < t] ,, 2, () — 2, () =
p(t’) — (o).

Proof of Lemma D.2. First, c;”,(t) can be written as

2, = inf[x : P( sup {—Z(p, )}, < x) >1-— oz}

pegd—l

= inflx : P( sup (1(t) — () = () = Z' @)} < )
pesd—1

>1-af. (D.23)

Let A(t,t") :== wu(t") — w(t). Then, for any x > A(t, t'), it follows
that

P(sup (u(t) = u(®) = u(€) = Z* )+ < x)
pesd—1

- P( sup {A(t, t) — Z(p, )}, < x)

pESd_l

= P( sup {—Z(p, t)}; < x— A(t, t/)).
pESd71

(D.24)

Substituting Eq. (D.24) into Eq. (D.23) yields

67,0 = inf{x: P(sup (—Z(p, )}, =x— A 0)) 21—«

pesd—1
= 7, () + At t).
This establishes the claim of the lemma. =
Proof of Theorem 3.3. By Theorem in 1.1.12 in Li et al. (2002),
a;” dy (C1n (D), On(t}_,))

=a)” sup |s(p, On(0)) + o (/a7 = s(p, On(ti_ )]
pesi—

(D.25)

= sup |a)"[s(p, On(t))

pGSd_]
—s(p, O] — a)/” [s(p, On(t}_o)) — S0, OD] + T 1o (D]

= sup |Zn(p, t) — Za(p, t7_o) + €124 (8) + 0p(1)]

p€§d71

2 sup (0 = i(tiy) = (€74 () = €74 () + 0p(D)]
pesd—l

= Op(l), (D.26)

where (1) follows from ¢, ,_,(t) = ¢} ;_,(t) by assumption
and 6;1,’170[ (t) = c;2,(t) + 0p(1) by F7 (-, t) being assumed to
be continuous and strictly increasing at ¢;” , (t) and Lemma 11.2.1
in Lehmann and Romano (2005). In (2), we used the fact that
€12 (&) = 0.The last equality follows from Lemma D.2.

For (ii), the result immediately follows from Theorem 3.3(i) and
the triangle inequality:

dy (C1n (), C1n(t))
< dy(Cin(D), On(t}_))) + d(Cra(t), On(t}_,))).

This establishes the claim of the theorem. ®

(D.27)

We use the following two lemmas (Lemmas D.3 and D.4) to
show Theorem 3.4.

LemmaD.3. Let S be a compact subset of a finite dimensional
Euclidean space. Let B = C(S) be the space of continuous functions on
S.Foragiveng € B, let ¢; : B — R be defined pointwise by ¢¢ (x) =
SUPpes &(P) — X(p). Then, for any x € B, ¢g is Hadamard directionally
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differentiable at x, and its directional derivative q'ﬁg : B — Ris given
pointwise by

$(v) == sup —y(p), (D.28)
pev (g—x)
where for each z € B, ¥(z) = argmax,sz(p). Furthermore, if

W (g — x) is singleton-valued, ¢¢ is Hadamard differentiable at x.

Proof of Lemma D.3. The proofisamodification of Theorem 3.1in
Shapiro (1991). First, we show that ébg is a continuous functional.
Let {y,} be a sequence such that y, — y for some y € B. Note
that ¥ (g — x) is nonempty and compact by Theorem 17.31 in
Aliprantis and Border (2006). Since —y,, converges uniformly to —y
on ¥ (g — Xx), MaXpew (g—x) —Yn (p) — Maxpewg—x —Y(p). Since the
choice of y was arbitrary, ¢, is continuous at every point.

For each p, let f, : B — R be defined pointwise by f,(x) =
g(p) —x(p). This is a convex functional on B. Since ¢ is a pointwise
supremum of a family of convex functionals, it is convex. Let B*
be the dual space of B. For each p, the subdifferential of f, at y is
defined as df,(y) == {f; € B* : f,(2) = f,(¥) +f,(z —¥),Vz €
B}. We claim that for every y, 9f,(y) = {—ep}, where e, is the
evaluation map defined by e,(z) = z(p) for every z € B. To
prove this claim, first note that —e, € 9f,(z) is obvious. Now
suppose there exists f, € df,(y) such that f; # —ey. Then, f,(z) >
fo) +f,(z —y) implies that y(p) — z(p) > f;(z — ). Since z can
be taken arbitrarily, we must have

w(p) > fy(—w) forallw € B. (D.29)

Furthermore, since f; # —ep, there exists a w € B such that
w(p) > fy(—w).Lletw’ :=y — w. Then, w'(p) = y(p) — w(p) <
y(p) — f(—w) = y) + f(w) = yp) + f,(y — w’), which
contradicts (D.29). Therefore, —e,, is the unique element of 9f, (y).

Fix y € B. We note that S is a compact subset of a Hausdorff
space and that f, is continuous for every p € S. Furthermore, for
any p € S and {p,} C S such that p, — p, it follows that f, (y) =
¥(pn) — y¥(p) = f,(¥) by the continuity of y. Therefore p — f,(y)
is continuous at every y. Now the conditions of Theorem 2.4.18 in
Zalinescu (2002) are satisfied. This implies that the subdifferential
of ¢ at y takes the form:

) =0 | U ) :co( u_x){—e,,}>, (D.30)

p:sulsn pev (g
PE.

where co(A) and co(A) denote the closed convex hull and convex
hull of a set A respectively. Here, the closure is taken with respect
to the weak-* topology. In the above expression, we used the fact
that the set C = co(Upew(g—x{—€p}) is closed, which we prove
below. Let {€,} be a sequence such thaté, € C,Vnande, — e
for some ¢ € B*. Then, by the convexity of C, we may write
en = An(—ep,) + (1 —Ay)(—ey ) for some sequence {(An, pn, P;) €
[0, 1] x W (g — x)?}. Since [0, 1] x ¥ (g — x)? is compact, for any
subsequence of {(An, ps, p,)}, there exists a further subsequence
{()‘ﬂkj > pnkj > p;'kj)} such that (}‘ij ’ pnkj ’ pg/qkj) - ()\*, P*, p**) for

some (A*, p*, p**) € [0, 1] x ¥ (g — x). For each y € B, it follows
that

) = (=Y(Puy)) + (1= 2 )P}, )
= A (=y0) + (1= 2 (=¥ (™)

= A (—ep () + (1 — A (—ep=(¥)) € C, (D.31)

where the convergence follows from the continuity of y. Since the
choice of the subsequence and y was arbitrary, this ensures that
the limit é belongs to C. Hence, C is closed.

By Theorem 23.2 in Rockafellar (1970), the Gateaux directional
derivative ¢gc : B — R of ¢, satisfies

P¥) = sup ¢ ()
Ppedeg
= sup sup A(=y()+ (A —1(=y@). (D32)

A€[0,1] p,p’ e (g—x)

Now suppose that arg maxy ,_,, —y(p) = {p} forsomep € ¥ (g —
x), then the right hand side of (D.32) is equal to —y(p). Therefore,
in this case ¢§(y) = —Y(p) = SUPpey(g_x —Y(P). Similarly if
arg maxy gy — y(p) is not a singleton, then again the right hand
side of (D.32) is equal to —y(p) for some p € ¥ (g — x) because
—y(P) = A(=y((®)) + (1 — A)(—y(p)) forall & € [0, 1] and p, and
equality holds only if p is also in arg maxy ,_y, — ¥(p). Therefore,
it follows again that d)gc(y) = SUP,cy(g—x —Y(P). This establishes

that ¢, in (D.28) is the Gateaux directional derivative of .

Now we show that the Gateaux directional derivative is actually

the Hadamard directional derivative. Forany x, y € B,if [|[x—Y| o0 <
d,theng(p) —x(p) — 3 < g(p) —y(p) < g(p) —x(p) + & uniformly.
Therefore, |¢s (x) — ¢¢(¥)| < . This ensures that ¢, is Lipschitz
with Lipschitz constant 1. Let {t,} be a sequence such that ¢, | O.
Let K be a compact subset of B. For each y € K, it follows that
ha(®) = g (X + tay) — dg(0)]/tn — ¢5(¥) = 0(1) because ¢ is
the Gateaux directional derivative. Furthermore, for any y, y’ € K,
1ha(y) — ha()| = [[¢hg (X + tny) — b (X + tny)]/tn — G5 — V)]
X+ toy — X+ tY ) oo/t + 1Y — ¥ lloo
2[ly = ¥ lloo-
Therefore, h, is also Lipschitz. This implies that the family {h,} is
equicontinuous on K. Since h, — 0 pointwise, this ensures h, — 0
uniformly over K. Since K was arbitrary, this ensures that ¢gG is the
Hadamard directional derivative of ¢¢. This completes the proof of
the first claim. .

If ¥ (g —x) is singleton-valued, then ¢¢ (az + by) = —az(p*) —
by(p*) = adbg(z) + b(ﬁg(y) foralla,b € Rand z,y € B, where

p* is the unique element of ¥ (g — x). Therefore, the second claim
follows. ®

IA

(D.33)

LemmaD.4. [et m € N. Let D C R™ be a compact convex set
with a nonempty interior. Let Ky be a nonempty closed convex subset
of D and {IA<,1} be a sequence of measurable closed convex subsets of
D. Given a positive sequence {t,} such that 7, — oo, let W, =
Ta(s(, K) — s(-, Ko)). Given xo € 9Ky, let

Suxe = Tn Sup {(p.xo) — s(p. Kn)}+ (D.34)
peSm*1

and

Lo := argmax(p, xo) — s(p, Ko). (D.35)

pESm—1
Suppose that ‘'W,, converges weakly to a tight random element ‘W as
n — oo. Then,

- d
sn,xo - SUP{—W(P)}+-
pelo

(D.36)

Proof of Lemma D.4. We first note that x, € 0Ky implies
Sup,cgm—1 (P, Xo) —S(p, Ko) = 0.Let ¢, : C(S""') — R be defined
pointwise by ¢y, (f) = sup,csm-1(p, Xo0) — f(p). Now the statistic
can be written as

Sxe = Max{Ty(y (SC, Kn)) — o (5, Ko)), 0. (D.37)
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By Lemma D.3, ¢, is Hadamard directionally differentiable
at s(-,Ko) with Hadamard directional derivative ¢y, (y)

SUPper, —Y(p). This and the assumption that W, ﬂ)‘ W ensure the
conditions of Theorem 2.1 in Shapiro (1991). It follows that

Tn (o (SC, Kn)) — by (-, Ko)) =4 sup —W®).
Pb€Lo

(D.38)

The conclusion of the lemma now follows from (D.37), (D.38), and
the continuous mapping theorem. H

Proof of Theorem 3.4. Let t > 0. We apply Lemma D.4 with D =
O,K = 6, I%n = @),,(t), and 7, = a;/y. Under our hypothesis,
Theorem 3.1 holds. The conclusion of Theorem 3.1 ensures that
W, = a,l,/y (s(p, (:)n(t)) — s(p, ®g)) converges weakly to a tight
limit W = Z(., t). By setting xo = 6 and Ly = ¥, Lemma D.4
then ensures Tzfeo —d> SUPyewy{—2(p, t)}+. This completes the
proof. W

Lemma D.5. Let m € N. Let D C R™ be a compact convex set with
a nonempty interior. Let Ky be a nonempty closed convex subset of D
and {K,} be a sequence of measurable closed convex subsets of D such

that
dy (K, Ko) = Op(a; V"), (D.39)

for some constant y > 0 and positive sequence {a,} such that a, —
00. Given xg € D, let

Ly := arg max(p, xo) — s(p, Ko)- (D.40)
pesm—l
Given a positive sequence {xy}, let
in = {p es™!: (D, X0) — s(p, I%n)
> sup 1[(13/, xo) — s(p', Kn)] — kn/a)/” } (D41)
p'esm—

Suppose k, — oo and iq/ay’” — 0. Then, dy (Ly, Lo) = 0p(1).

Proof of Lemma D.5. We use Theorem 3.1 in Chernozhukov et al.
(2007) to prove the claim. First note that S™~! is nonempty
and compact. Let @ and @, be defined pointwise by @Q(p) =
[s(p, Ko) — (P, X0)] — infyycgm1[s(p’, Ko) — (p', x0)] and @, (p) =
[s(p, Kn) — (p, Xo)] — infy cgm-1[s(p’, Kn) — (p', Xo)]. We here note
thatinf, cgm-1[s(p’, Ko) —(p’, Xo)] is finite, and inf, cgm-1 [s(p’, kn)—
(p’, x0)]11is finite almost surely due to the continuity of the objective
functions (almost surely for the latter) and S™~! being compact.
Note also that Ly and in can be equivalently written as

Lo =argmin@(p) = {p € S" ' : @(p) = 0},
pesm—l

Ly=1{pes™": @up) < kn/a)"}.

(D.42)

Since s(p, Ko) is continuous by Theorem 1.1.12 in Li et al. (2002),
@ is continuous. Similarly, since s(p, IA<n) is continuous in p for each
w € £2 and measurable for each p, s(p, I%n) is jointly measurable
by Lemma 4.51 in Aliprantis and Border (2006). Furthermore,
infy cgm-1[s(p’, Ky) — (p', xo)] is measurable by Theorem 2.27(i) in
Molchanov (2005). Thus, @, is jointly measurable.

By (D.39) and Theorem 1.1.12 in Li et al. (2002), s(-,IA<,.,)
— s(-,Ko) = o0,(1) uniformly. Therefore, for any ¢ > 0,
SUPpegm-1 IS(-, IA<,1) — s(-, Ko)| < €/2 with probability approaching

1. This implies that, with probability approaching 1,

sup |@,(p) — Q)|
peSm’l

< sup |s<-,1%n)—s(~,1<o)|+’ nf (s, Kn) = (0, o)1
p'esm=

pesm—1

— inf [s(p/, Ko) — (p/,Xo)]‘

pIESm—l

€ . €
<5+ inf ][s(p’, Ko) + 3 (P, %01

pesm—

— inf [s(p/, Ko) — (p/,xo)]‘ =e. (D.43)

p'esm—1
Thus @, — @ = 0,(1) uniformly. Furthermore, uniformly over Lo,
@) = [s(p, Ko) + Op(ay ") — (p. x0)] — infy csm-1[s(p’, Ko) +
O,,(a;w) —{p', x0)] = Op(a,?l/y), where the first equality follows
from (D.39), and the second equality follows from the construction
of Ly. Hence, under our hypothesis, k, > SUPper, a,l/y @, (p) with
probability approaching 1. Therefore, all required conditions for

Theorem 3.1(1) in Chernozhukov et al. (2007) are satisfied. This
ensures the claim of the lemma. W

Proof of Corollary 3.2. (i) Let I:",f (x, 6y, t) be the empirical cdf of
Tn?eo (¢).Similarly, let F~ (, 6p, t) be the cdf of supcy, {—Z(p, )} .
Note that dy (¥, lffn) = 0p(1) by Theorem 3.1 of CHT and
Lemma D.5 applied with Ky = ©), IA(,., = (:)n(t), Ly = Y, and
L, = W,. Thus, by Theorem 3.2 with T"(x) = {—x},, ¥ =
arg max, (p, tp) — s(p, ©p), and g, as in (3.21), F,7(x, 60, t) —
F~ (x, 09, t) = 0,(1) at each continuity point of F~ (-, 6o, t). The
rest of the proof is similar to that of Corollary 3.1 and is therefore
omitted. W

Appendix E. Proof of Theorem 4.1 and Corollaries 4.1 and E.1

In this section, we give the proof of Theorem 4.1, Corollaries 4.1
and E.1 and auxiliary lemmas. In what follows, we use the notation
introduced in Section 4.1. Recall that I7(0) = VyE[my], and G(6)
is a vector of Gaussian processes on ® whose covariance kernel is
K(,60") = E[(my — E[my])(mgr — E[my])’]. ¢ is a J-dimensional
vector whose jth component is such that ¢;(6) = 0if E[m; ] = 0,
Gi(0) = —o0 ifE[m;s] < 0, and gj(#) = oo if E[m;je] > 0, and
W () is aJ x J positive definite matrix.

Lemma E.1. Define
[0, 2, %) = [W'2(O){(G(O) + IT(O)A + v/nEmy) + x}|1%.,
2(0. 1. %) = [WO){(GO) + ITO)1 + 5(6)) + x}I3.

Then, the following approximation holds.

inf £,(0, ) < inf (0, 1, 0,(1)) = infg(®. 2 0,(1).  (E1)
u,p

Rn,u,p Rn,u,p

Proof of Lemma E.1. The proof is analogous to that of Lemma A.1
in CHT. The first equality in (E.1) follows by arguing as in Step 2 in
the proof of Theorem 4.2 in CHT. For the second equality, we take
the following three steps.

Step 1: For any € > 0, by Step 1 in the proof of Lemma A.1 in CHT,
we have
g0, &, —€) < fo(0, &, —€) < £n(0, 1) < fa(O, A, €),

with probability approaching 1. Therefore, for some ¢, |
0, infy,,, 80, A, —€n) =< infg,, fu(6, 4, €,) with probability
approaching 1.
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Step 2: Forany €, | Oore, 1 0, we have infg, , g(0, %, €,) >
infRu’p g0, A, €,) by Ry up C Ry foralln.

Step 3: The claim of this step is that for some ¢, | 0,
Rinf fa@. A, €,) < )ianfg(e,)\,e,’l), wp — 1.
u,p

n,u,p

The proof is by contradiction. For this, we note that for any 6, —
6 € Oy, it holds that

lim sup v/nE[m; 4,1 < ;(0),
= g(0), ifgi(0) = —o0. (E2)

Now suppose that the claim of this step does not hold. Then, there
exist a constant € > 0 and a subsequence {n’} of {n} such that

lim [fyy (B, Ars €,) — infg(0, 1, €)] > 0 (E.3)
n’—o0 Ru,p

if () =0

with probability 1. Passing to a further subsequence if necessary,
we may let (6,, Ay) be such that (6,/, A,y) converges to some
(0%, A*) € Ry p. By the definition of f; and g, the inequality in (E.3)
only occurs if lim sup,,_, \/E/E[m]-,gn,] > ¢;(0*) for some j, which
is a contradiction to (E.2).

Finally, combining Steps 1-3, the claim of the lemma
follows. ®

Lemma E.2. Suppose Assumptions 4.1-4.4 hold. Let {5,} be a
sequence {8, € R} such that ||8,| = 0p(1). Then, for each (u, p) €

R x S and any € > 0, there exists a compact set R, , C Ry and
N, such that

{

Proof of Lemma E.2. Let A, = arg minRuypg(Q, A, 6,). For any
(0*, \*) € A,, we therefore have

infg(0, 2, 6n)
Rup

infg(0, A, 8,) — infg (0, A, &)
Ru,p R

u,p

> e) <e€, foralln> N..

= IW2O) (GO + T O + 5(6%) + 8}II%. (E4)

Let 8, be the jth component of §,. Since ¢j(6*) = —oo for all
j & §(6"), it follows that

MOA = vjn, v = —Gj(0%) — 8, Vi€ gO). (E5)

Since Assumption 4.4(iii) ensures the Slater condition for the
convex programming problem in (4.6), there exist Karush-Kuhn-
Tucker multipliers {n;(6*)}jeg+) such that p = Zjegw*) n;(6%)
IT;(6*)'. This and (E.5) imply that

(A = Y OGO = Y 00" (E.6)
jeg©*(p)) jeg©*)
Hence, for any (6*, A*) € A, A* is on the hyperplane defined
by (E.6). In particular, the minimum norm solution A** =
Zjeg(@*) nj(@*)vj np is also on this hyperplane, and (6%, A**) € A,.
Note that A = | 3_;cg+) 0i(@)vjnl = 0p(1) by §jn = 0,p(1)
and G being tight by Assumption 4.2. Let By = {A : |A|| < M}
withM > OandletR,, = H(p, @) x (K, p N Bu). Then, by taking
M sufficiently large, one may let P(A, N Ry, p) = P((0*, A*) €
Ry p) = 1 — € for n sufficiently large. This means that the infimum

of g(0, A, 8,) over R, is also achieved on I_Qu,p with probability
approaching 1. Therefore, there exists N, such that

i

This establishes the claim of the lemma. ®

1iznfg(9’ A, 8y) — infg(d, A, &)
u,p

Ru,p

> e) <e¢, foralln> N,.

Proof of Theorem 4.1. It is straightforward to show that Assump-
tions 4.1-4.3 imply Assumptions 2.1-2.3 using the argument in the
proof of Theorem 4.2 in CHT. Hence, it is omitted for brevity. We
now show Assumption B.1. First, by Assumption 4.4(iii), for any
0 € ©;, we have K,, N Jne® —6) — K, p. Hence, Assump-
tion B.1(i) holds with R, , = H(p, ©;) x Ky .
Assumption B.1(ii) then follows from the following steps.

Step 1: Let {8,} be a sequence {8, € R/} such that ||8,| = op(1).
The claim of this step is that for compact set I_Qufp and € > 0, we
may approximate infig ;).z, - &(6, A, 8n) by inf 2)emee) £(6, A, &)
where M (¢) is a finite set. Note that

infg (0, A, 8,)

Rup
= inf [W'2O){GO) + IO + (0) + 8a}%
(6,2)€Ry p
=min _inf  [W;2(0){GC1(0) + MO + 87} 1%

¥ O.MeRupg

By the stochastic equicontinuity of (0,4) ~ (G(9), [T(0)A,
W (0)), there is a finite subset M (¢) of R, , such that

r( o)<

for all n sufficiently large.
Step 2: Now let (u, p) € Rx S 1. Then, for some {8,} be a sequence
{8, € R'}, we have

inf g(0,A,8,) — inf

g0, X, 8n)
(6,1)€Ru,p (6,1)eM(e)

lim inf P(inf €,(8, 1) > €)
u,p

n—oo

n—oo

9 im infP(infg(0, 2. &) > ©)
u,p

(i)
> liminfP(infg (0, A, 8,) > t + €/2) — €/2
n—oo Ru,p

)
2 liminfP(inf g6, A, 8,) > t +€) — €
n—o0o M(e)
)
2 P(inf £oy(0, 1) > t+€) — e
M(e)

(v)
%P(Iienféoo(e,k) >tde) —e, (E7)
u,p

where (i) follows from Lemma E.1, (ii) follows from Lemma E.2,
(iii) follows from Step 2 (finite-dimensional approximability), (iv)
follows from the fact that g(@, A, §,) converges to £ in finite
dimension, and (v) follows from M(e) C I_Qu,p C Ryp. Since € is
arbitrary, we have liminf;_, o P(infg, , €, > t) > P(infg, , £
t). Similarly, one may show limsup,_, o, P(inng,p by > t)
P(inngvp ls > t). The joint convergence of {infRuvpj by, m
1, ..., M} follows similarly. This establishes Assumption B.1(ii).
Finally, we may write

loo(®,3) = IW'2(O)(GO) + TO)A + O}
= Wy (e, 0){C16)(0) + Myey @)}, (6. 2) € 6

x RY. (E.8)

Il IA VvV

This implies that, for each & € H(p, @), the set of directions
of recessions (see Rockafellar, 1970, Sec. 27) for A +— £ (8, X)
is{x : Mj(®)r < 0, j € g(0)}. The first order condition to

the convex programming problem (4.6) implies that there exists
positive constants (KKT multipliers) {n;(6*)}jez0+*p) such that
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p = Zjeg(@) n;j(0)IT;(0)'. Hence, ITj(6)'A < 0, j € (0) implies
(p, A) < 0. This and the compactness of ®; imply that the set
of directions of recessions is a subset of {0} x {A : (p,A) <
0}. Again, by compactness of H(p, ®;), the set of directions of
recessions of R, p is {0} x {A : (p,A) > 0}. By Theorem 27.3
in Rockafellar (1970), £« then achieves its minimum on R, p.
Similarly, the set {(8,1) : 6§ € H(p, ®)),L(0,A) < t,} has
the set of directions of recessions {0} x {A : (p,A) < 0} by
the compactness of H(p, ®;) and (E.8). On the other hand, the
objective function (8, ) — —{(p, A) has the set of directions of
recessions RY x {A : (p,A) > 0}. Hence, by Theorem 27.3 in
Rockafellar (1970), infyepp, o), 49 . — (P> 1) is finite and achieves
its minimum. Hence, supgcyp, g, S(, Ag,r) < 00. This establishes
Assumption B.1(iii). W

Corollary E.1. Suppose Assumptions 4.1-4.3 and 4.5 hold. Then the
limiting process Z(-, t) can be represented as

Z@p,t) = sup {IIR@,0)t"> = (R, 0),

1/2
Wg(@)(Q)Gg(Gﬂ},
6eH(p,Or)

(E.9)

where R(p, 6) (0) (ng(g) (0)g6)(0)') l179,7@ ®)p. Fur-
thermore, if the Weightmg matrix satisfies Wg)(0) = [I13()(0)
17;((9)(9)/]“ for any 6 € 00, the limiting process takes the form
Z(p, t) = n(t) + Z*(p) with u(t) = t'/? and

Z*p) = sup  —([Hy0)(0)T306)(0) 1" g9, (0)p, G0y ().

6€H(p,0r)

Proof of Corollary E.1. Let s : 30 x RY — R/ be a vector-
valued mapping whose jth component is s;(6, ) = 1{G;@) +
(IT;(9), A) > 0}.The solution A* to the minimization problem (4.7)
satisfies the following Karush-Kuhn-Tucker (KKT) conditions with
probability 1, with a Lagrange multiplier u > 0:

P = 2ulT35)(0)' Wy9)(0) (G g6y (0) + M6y (0)17) 0 56, A*)

(E.10)
t= IIWg(g)(G)(Gw)(@) + My, (0)1%) 0 56, ). (E.11)
We can then solve (E.10) to obtain
1/2 rvar1/2 -1 1/2
(Wyla) () g0, (0) M50y (B) Wolg (8)) ' Wia) (0)Tg(a (0)p
= 2uW, 05, (0)(Gy) (0) + Mg (0)27) 0 5(B, 1%). (E.12)

Let R(p, 6) be the left hand side of the equation above. Take
squared norms both sides to obtain

IR, 6)1?
= 212 IW, /5 (0) G g (0) + Mg (O)17) 058, 1) |2
= [2ul’t,

where the second equality follows from (E.11). Hence, we obtain

2u = || R(p.O)|t™V>. (E.13)
Plugging this into (E.12) gives
12 R(p, 0)
W) (0)(Gyoy(®) + Mg (0)A") 0 5(6, 1) = RO 172
(E.14)
Substituting (E.13) and (E.14) into (E.10) yields
p= g(e)wgl(/e)eﬂ(pﬂ). (E.15)

Now, we can use this result to obtain

A7)
12
36, Wiie) R, 0), 2 >

Vip,0,t) =

R(p, 0), 3(9)”5(9))\ >

.
-
-
<,mp 0). W,(5) (TTyo)2" 056, 1)

R0
R(p, O
Oy T

Wi (0)(Gyqq) 050 )»*))>

= IR, 0)1 €2 = (R, 0), W}, 0)Gy)) . (E16)
where the fourth equality follows from the fact that R(p, 6) =
R(p,0) o s(8,1*) by (E.12), and the fifth equality follows from
(E.14). Note that ITg()(6)I14()(0)’ is invertible by Assumption 4.5.
Hence, if W (6) satisfies Wy (0) = (175(9)(9)1751(9)(9)’)*] for any
6 € 06, then

IR, OII* = p'Mg(6)(0) (Mg (0) T30y (0)) ' M3, (O)p. (E17)

Note that Eq. (E.15) implies that p'p = p'Ig4)(0) (Ig6)(0)
1731(9)(9)/)*11731(9)(0)13 = 1. Combining the results above
establishes | R(p, 8)|| = 1. Therefore, the limiting process takes
the form Z(p, t) := u(t) + Z*(p) with u(t) = t/? and

Z*(p) = sup —(R(p,0), 3(9)(‘9)Gg(9)(9)>
0€H(p,0r)
= sup — (g0 g06)(0)) " 306y (0)p, G0y (0)).
0€H(p,Op)

(E.18)
This establishes the claim of the corollary. M

For deriving the limiting distribution of CHT’s statistic, we
require the following regularity conditions.

Assumption E.1 (Local Process Regularity for QLR Statistic). (i) For
any finite sets U € Rand S C $%7, (supy; . (u,p) € U X

S)—>(supr Loo, (U, p) € U x S). (ii) For any 0 < ¢, there exists
§ > 0such that

lim P( sup | sup€,(@,A) —sup£,(@, 1) > e) <e, (E.19)
=0 \ip—ql<s Rip Rig
where R, = H(p, ®;) x K,

Assumption E.1(i) requires that the finite dimensional distribu-
tion of the supremum of £,, over a class of sets converges to that of
{~. This is analogous to weak epiconvergence. We call this version
“weak supconvergence” as it is close in spirit to Condition S.2 of
CHT. CHT’s QLR statistic can be written as

sup a,Q,(0) = max { sup a,Qq(0), sup anQn(G)}

0oy 0€dO] oeop

As the second term on the right hand side asymptotically vanishes
by Assumption 4.3, it suffices to study the first term. Using the local
process £, define

Ly(p,u) ;= sup sup £,(0, 1),
0€H (p,Or) reKyp
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where K., = {» € R : (p,A) < u}. Note that SUPpesd-1 £Ln
(P, 0) = supyeye, @nQa(0). We therefore study the asymptotic be-
havior of the process £, (-, u) to study that of the QLR statistic.

Lemma E.3. Suppose the conditions of Corollary E.1 hold. Sup-

pose Assumption E.1 holds. Then £,(-, u) vg L(-, u) for each u, and
the process £ can be represented as

Lp,u) = sup [[Rp@, O]

0eH(p,0)

2
% ((R0.0). Wi5,0)C 30 ) +u) (E20)
Proof of Lemma E.3. First, by the hypothesis that ¢, weakly

d.
supconverges to £, we have £, (-, u) f—> £L(-, u) where

Lp,u) = sup sup [WAO)G®) + T(O) + O3
0eH(p,Or) )‘EKzIp

(E21)
The tightness of {.£,(-, u)} follows from the assumption of the

corollary, and these results imply £, (-, u) g £L(-, u) for each u.

Now we derive the representation of .£ given in the theorem.
Below, we fix p € S9~'and 0 € 30,.As 6 € 96, the components
of M (6, L) forj € g°(0) are irrelevant. To obtain a closed form for
&L, consider the following optimization problem

e, p.u) = sgp||w;(§)(9)(«;gw>(9> + My @OM%  (E22)
s.t.p, A) <u.

Similar to the proof of Corollary E.1, the solution A* of the
problem above satisfies the following KKT conditions with for
some Lagrange multiplier v > 0 with probability 1:

vp = 2013(9)(0) Wy9)(0)(G6)(8) + Mg(6)(0)A") 0 5(6, A*)( |
E.23

(p,A") = u. (E.24)

We can solve (E.23) to obtain
VR(p. 0) = 2W, 05 (0)(Gye) (0) + Mgy (0)27) 0 5(8, 1%). (E.25)
Taking squared norms both sides, we obtain

V[IR(p, 011> = 4IW,e (0)(G 0 (0)

+ Mg (0)A%) 0 s(0, A")|[*4C(6, p,u).  (E-26)
Plugginginv = 2C (0, p, u)'/?/||R(p, )| back to (E.23), we obtain
p = IR, O)ICO, p, u)~"*My5)(6) Wys) (6) (G g6 ()
+ My6,(0)1*) 0 5(0, 1).
Now, substitute this into (E.24),
u=[R@,0)C®O,p,uw "
X (1310, 0) Wy(0)(0) G310, (0) + My 0)37) 056, 1), 17)
= |R@, 0)IC®,p,w)~ "
x (w;g) (0)(Gg0)(0) + Moy (OIN*) 0 5(0, 27,

(E.27)

x Wiz (e)ng(g)(e)x*>
v
= IRP. OO, p. )" (S R(. 0). Wi{5 0) T30/ (6)1")

= (R(p.0), W50 30, ©)27), (E.28)

where the second equality follows from (E.25). Using (E.25) and
the result above, the right hand side of (E.26) can be alternatively
written as

2v<<‘(R(p’ 6), Wy(5 ()36 (9)>

+ (R, ). W5 @) T30 0)27))

= 2v<<£(p, 0), w;g)(e)Ggw)(e)) n u). (E.29)

Therefore, from (E.26), we obtain

v =2IRE, 01 (R, ), Wy )60 ) +u)

= 21RP. 017 (R0, 0). W, 0)C50®) +u) . (E30)

where the second equality follows from the fact v > 0. As
CO,p,u) = |R(p, )||v?/4, we have

2
e(0.p.w) = IR, O ((R(. 0). ;3 0530 ©)) +u) -
(E31)

Take the supremum over H(p, ©)). The result then follows. =

Proof of Corollary 4.1. We first analyze the Wald statistic
SUPpcsd-1{—Zn(p, t) + t'/?}2. By Corollary E.1 and the continuous
mapping theorem, we may write its weak limit as

sup {—Z(p, t) +t"*}

pesd—1

2
= sup | inf ((T50)(®) Ty 6)) ™ My @)p, G50, ®)) ]
sup i {0 @50 ©)) T30 @) G0 O)]

-1
= SUIJ1< (ngz(e, o) @1 () Mg,y (O1 (P))/>

pesd—
2

X Iy, (01 (D))D, Gg(e,(p>)(91(l7))> =Z,
+

(E.32)

where we used H(p, ®;) = {6;(p)} to obtain the second equality.
For the QLR statistic,

sup nQ,(0) —d> sup L(p, 0)
0eo; pesd—1

(E.33)

by Lemma E.3 and the continuous mapping theorem. By LemmakE.3,
this limit can be represented as

2

sup  sup
pesd—16€eH(p,0r)

(<:R(p, 0). W,ip) (Q)Gg(e)(g)»

+

-1
= sup < <17g(9, o) @1 () M g0, (O (P))’)

pE§d71
2

X I g0,y O1(P))p, Gg(@,(p))(QI(P))> =7
+

(E.34)

This establishes the first claim.

For the second part, note that 7}, is the 1 — o quantile of Z.
Therefore, it suffices to show that t]_, is also the 1 — o quantile of
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Z under our hypotheses. For this, we can write

th, = inf{t : P( sup {—Z(p, t)}; < 0) >1-— a}
pGSd71
- inf[t : P( sup {—t2 — Z* ()} < o) >1- a}
pESd_l
- inf[t : P( sup {—Z* ()}, < t‘/z) >1— a]
pESd71

:inf{t:P(th)z]—a}, (E.35)

where the third equality follows from the fact that for any x > 0
and a continuous function f, sup,cga-1{—x + f(p)}+ < 0 &
sup,{f(p)}+ =< x and the last equality follows from (E.32).
Therefore, the second claim follows. ®

Appendix F. Monte Carlo experiments

The Wald confidence set Cyayq is defined by
Cwaig = {0 € O :d(0, Op(D) < &1 o (D)/a))7),

1 .
where t = In(Inn)2. To construct this confidence set, we must
compute the support function of the set estimator ®,(t) and
the critical value ¢, ; _,, (t). For this, we first solve the following

problem for a grid of points p, € S, h =1, ..., H:

mHaX<ph, 0)

2K
st/ 6 (0 — FeEalmX)]), <t. (F.1)
k=1

We set H to 100. The problem above is a linear programming
problem that can be solved by common softwares. We use Matlab
and a high-speed solver generated by a free software CVXGEN.'?
The optimized values then give s(pj, (:)n(t)), h =1,...,H. We
then generate subsamples of size b using Algorithm 3.1 and also
compute s(p, @n,b,k(t)), h =1, ..., H similarly. The subsampling
critical value érfbypa(t) is then obtained as the 1 — @-quantile of
Mmaxp=1, H «/E{s(ph, (:)n,b,k(t)) — s(pn, @n(t))}+. The critical value
for Cyer is computed similarly while updating the initial level
using Algorithm 3.2. The coverage is checked by comparing the
support function of the identified set to that of the confidence
set. Specifically, we interpret ®,; being covered by Cwaqgq when
s(pn, ©1) < s(ph, On(0)) + &7, 1_ (£)/+/n for all h. The Hausdorff
loss is then calculated as dy (Cwald. @) = Maxp=1,...n |S(Pn, 1) —
S(Ph, On()) + ;1o (O //1l.

CHT’s confidence set Ccyr-sup With a subsampling critical value
is defined as

2K

Carrrsub = {9 €0 :vnY 1@ — FeElmX)D),

k=1
S %n,b,la}v (F.Z)

where 7,51, is calculated as follows.!® First, we obtain the
boundary of the initial estimator ®,(t) using (F.1). We then

12 cvXGEN generates compiled (mex) solvers for linear and quadratic programs
and is available for academic purposes. See details at http://cvxgen.com/docs/
index.html.

13 This procedure follows the one in Bugni (2010), which is called Subsampling 2.

introduce a grid of points (10, 000 points) inside @n (t). For each
subsample of size b, we then compute:

2K
sup «/EZ&,;;
9ebn(t) =1 R
x (a8 — FE[mO)D) . i Ox(0) # 0,
0, if &, (t) = 0.

Fn,b:

The subsampling critical value 7, 51— is then computed as the
1 — « quantile of I, ,. CHT's confidence set Ccyrpoot With a
bootstrap critical value is defined as in (F.2) but replacing 7, . 1—¢
with a bootstrap critical value 7 ,_, computed as follows. First,
generate a bootstrap sample {X*,i = 1, ..., n} from the empirical
distribution. Compute the bootstrap sample moments E"n[m(X,.*)]

and the weights ;. Given Oy, compute

2K
sup /) (67,

0€6n(1) k=1
x ({a,6 — FkA(En[m(Xi*)])}
—{q6 — Fk(En[m(Xi)])})+
x |0 — FeEalmX)D)| < in/N/1}  if On(t) # 0,
0, if @n() = 9,

rr=

where «, is one of the following values: ln(ln(n))%, ln(n)%, and
n'/8, I therefore differs from I3, , in the following respects. First,
it uses the bootstrapped samples instead of subsamples. Second, it
re-centers the bootstrapped sample moment a6 — Fy(E,[m(X;)])
in the criterion function by 4,60 — Fk(fn[m(xi)]). Third, the term

a0 — Fk(ﬁn[m(x,-)])| < Kkn/+/n} selects the moments that
are close to be binding but drops others (see detailed discussions
inBugni, 2010). ¥, _,, is then computed as the 1—o quantile of I';".
For both Ccyr-sub and Ceyr-poot, W compute their support functions
again using (F.2) replacing t with 2, 1_, and 7., _, respectively.
The coverage and the Hausdorff loss are then computed by the
same procedure used for the Wald confidence sets.
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